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ABSTRACT

THEORY AND IMPROVED METHODS FOR PROBING THE
CAVITATION TO FRACTURE TRANSITION
SEPTEMBER 2020
CHRISTOPHER W. BARNEY
B.Sc., PURDUE UNIVERSITY
M.Sc., UNIVERSITY OF MASSACHUSETTS AMHERST
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST
Directed by: Professor Alfred J. Crosby

A material is considered soft when its bulk modulus is significantly greater than its
shear modulus. Rubbery polymers are a class of soft materials where resistance to extension is mainly entropic in nature. Polymeric soft solids differ from liquids due to the
presence of a percolated network of strong bonds that resist deformation and flow on a
given time scale. The incompressible nature, entropically driven elasticity, and molecular
scale network structure of soft polymeric solids combine to impart unique mechanical behavior that often results in complex material responses to simple loading situations. An
important example of this is cavitation in soft solids. Cavitation is the sudden, unstable
expansion of a void within a liquid or solid due to the application of a negative hydrostatic
stress. In soft solids, quantifying the damage imparted during cavitation is complicated by
a balance between a large strain elastic expansion process and a complex fracture process. Understanding this damage is crucial to applications in materials characterization,
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the design of pressure sensitive adhesives, and damage of biological tissues. Previous
work modeling the transition between these expansion processes has been limited to
the continuum level where it is difficult to draw connections to damage on the molecular
scale. The overarching goal of this thesis is to probe the cavitation to fracture transition
and connect it to molecular scale network structure. In order to accomplish this goal, improvements to the experimental methods, materials structure, and molecular theory are
developed in the first three chapters of this dissertation and are exploited in the fourth
chapter to link cavitation and fracture to molecular scale structural damage.
The first chapter focuses on the deep indentation and puncture of soft solids by a rigid
indenter. Deep indentation and puncture can be used to characterize the large strain
elastic and fracture properties; however, it is less explored than most traditional mechanical characterization techniques. An important open question that this chapter addresses
is how the distribution of strains and stresses in the surrounding material relate to the
resultant force exerted on the indenter. In this chapter, digital image correlation (DIC) is
applied to the puncture of a soft elastomer with an internal plane of optical contrast. The
DIC analysis quantitatively confirms that the deformation field mainly consists of shear on
the sides of the indenter and compression below the tip. It is further revealed that the resultant force mainly arises from the sheared regions on the sides of the indenter in which
greater deformation is only possible so long as failure does not initiate in the compressed
region below the tip.
The second chapter focuses on the effects of residual strain on needle-induced cavitation (NIC) of soft solids. NIC is a materials characterization technique that consists
of 1) a needle insertion process and 2) a cavitation process. The needle insertion process is largely unspecified in the literature where a trend of NIC overestimating materials
properties compared to traditional mechanical characterization techniques is observed.
Building upon knowledge from Chapter 1, it is hypothesized that the compressive strain
below the needle tip is increasing the critical pressures measured during NIC and causing
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this observed trend of overestimation. This residual strain effect is then reduced by implementing a new NIC protocol with a retraction step during the needle insertion process
which results in a tube-like cavity below the needle tip. Minimizing the residual strain is
found to increase the reproducibility of measurements and leads to agreement between
experimental and theoretical values of critical pressure.
The third chapter focuses on connecting the fracture of model end-linked networks to
materials structure. The molecular theory of network elasticity is well-developed and can
connect the macroscopically observed materials properties to chain level molecular structure, network level structure, and the dynamic processes that occur on both size scales. In
contrast, the molecular theory of network fracture is underdeveloped and has only been
connected to chain level molecular structure through the classic chain scission model
proposed by Lake and Thomas. Lake-Thomas Theory works well as a scaling argument;
however, agreement between experiment and theory has only ever been observed when
using an empirical fitting approach. In this chapter, it is hypothesized that modifying LakeThomas Theory to account for network level structure, specifically the presence of loop
defects, will produce explicit agreement between experiment and theory without the use of
an empirical fitting approach. Synthesis of gels with well-defined network structure, pure
shear notch tests, and molecular dynamics (MD) simulations are then leveraged to verify
a novel loop-modified Lake-Thomas Theory which displays strong agreement between
measurement and theory.
The fourth chapter focuses on linking cavitation and fracture to molecular scale structural damage. Expansion of soft solids subjected to a negative hydrostatic stress can
occur through either an elastic cavitation mechanism or an inelastic fracture mechanism.
Distinguishing between these two mechanisms is important when exploiting cavitation to
characterize the elastic and fracture properties of a material. The current understanding
of the observable mechanisms during cavitation was developed at the continuum level
and does not link cavitation and fracture to molecular level structure. This chapter ex-
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ploits both the improvements in NIC protocols presented in Chapter 2 and the quantitative
connection between fracture energy and molecular scale structure developed in Chapter
3 to link cavitation and fracture to molecular scale damage. These measurements are
used to test the previous understanding of observable cavitation morphologies. It is found
that the observation of a smooth cavitation morphology after expansion does not necessarily indicate a purely elastic expansion process and some damage of the network may
occur. NIC measurements of fracture energy in this chapter are also shown, for the first
time, to agree with independent measurements from pure shear notch tests, performed in
Chapter 3.
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INTRODUCTION

Soft materials are materials where the bulk modulus is orders of magnitude greater
than the shear modulus. [24] An important class of soft materials are rubbery polymers
where the elastic retraction forces are entropic in nature. [41] Rubbery polymers that are
soft solids differ from liquids due to the presence of a mechanically percolated network
capable of supporting stress on a given time scale. [24] The observations listed above show
that soft rubber polymer solids (referred to hereafter as soft solids) are nearly incompressible, entropically elastic, and characterized by a definable molecular level network structure. These features have interesting consequences for the mechanical response of soft
solids. The incompressibility can lead to large hydrostatic stresses when the material is
exposed to loadings with a triaxial nature. [48] The entropically elastic nature of soft solids
results in extensibilities far greater than those possible in hard materials where elastic
restoring forces are determined by the interatomic bond stiffness instead of the stretching
chain stiffness. [41,112] The network structure influences the fracture process and works to
distribute stresses by limiting the size of a crack tip to be no smaller than the mesh size of
the network. [78] Together these consequences impart soft solids with unique responses to
deceptively simple loading situations that involve large strain elastic and fracture behavior.
An important example of such a phenomena is cavitation in soft solids. Cavitation is
the sudden, unstable expansion of a void within a liquid or solid due to the application of a
negative hydrostatic stress. [6] This expansion process can be driven by elastic cavitation
or inelastic fracture. [64] Understanding the damage caused by each mechanism during
expansion is critical to applications in materials characterization, [64,76,105] design of pressure sensitive adhesives, [24,26,79] and damage of biological tissues. [6,77] Despite this need,
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previous work in modeling cavitation in soft solids has largely been performed at the continuum level where connections to structural damage are difficult to make as failure in soft
solids is an inherently molecular process. [64,76,105] The overarching goal of this dissertation
is to experimentally probe the cavitation to fracture transition in soft solids and connect it
to damage of the molecular scale network structure.
There are a number of necessary advances that are developed in the earlier chapters
of this dissertation that are then exploited in final chapter to achieve this goal. Chapter
1 increases the current understanding of deep indentation and puncture of soft solids.
Results from Chapter 1 are then used to develop a new needle-induced cavitation (NIC)
protocol that minimizes the effects of residual strain in Chapter 2. Chapter 3 quantitatively
links fracture to molecular scale structural damage in a series of model end-linked gels
with well-defined network structure. Chapter 4 then applies the NIC protocol developed
in Chapter 2 to the model end-linked gels from Chapter 3 to link cavitation and fracture
to molecular scale structural damage. Each chapter of this dissertation is driven by the
guiding questions shown below.
1. How does the distribution of strains and stresses relate to the resultant force exerted
on an indenter during deep indentation and puncture of a soft solid?
2. How can the impact of residual strain on NIC be reduced?
3. How can the fracture energy of model networks be linked to molecular scale network
structure without employing an empirical fitting approach?
4. How does cavitation and fracture relate to molecular scale network damage?

2

CHAPTER 1
DEEP INDENTATION AND PUNCTURE OF A RIGID CYLINDER
INSERTED INTO A SOFT SOLID

1.1

Overview

Deep indentation and puncture can be used to characterize the large strain elastic and
fracture properties of soft solids and biological tissues. While this characterization method
is growing in application there are still open questions about the puncture process. One
important question is how the distribution of strains and stresses in the surrounding material relate to the resultant force exerted on the indenter. Direct quantification of the
deformation field around a rigid indenter during penetration of a soft solid is necessary
to substantiate the current qualitative understanding of these strains and increase the impact and usefulness of puncture tests. The deformation field of a rigid cylinder inserted
into a soft solid with an internal plane of optical contrast is quantified using digital image
correlation (DIC). DIC measurements are demonstrated to be quantitative by reconstituting the nominal force on the cylinder during puncture. The deformation field is then used
to map the strain field around the indenter during deep indentation and puncture. These
measurements provide direct insight into the puncture process and show that while the
resultant force mainly arises from the sheared region on the sides of the indenter, the
compressed region below the tip is responsible for initiating failure.

1.2

Introduction

Deep indentation of a rigid body into a soft solid is an important process in bite mechanics and needle insertion. [21,100,106,119] Several groups over the last 60 years have high3

lighted the potential for puncture tests (deep indentation beyond the point of puncture) to
be used as a materials characterization method for stiff rubbers; [1,83,87,88,124,128,141] however, puncture tests have recently begun to find greater application in characterizing the
large strain elastic and fracture properties of soft gels that are difficult to characterize
with more traditional methods. [39,107–109] Deep indentation and puncture differs from small
strain contact mechanics as the displacement of the indenter goes to values that are an
order of magnitude greater than the radius of the indenter R. [39,83,107–109] Deep indentation
and puncture of soft solids is also unique as the nominal stresses at the critical point of
puncture, or material failure, can be several orders of magnitude greater than the modulus
of the material. [39]
While this loading situation is common enough in both nature and laboratory settings,
understanding of the deformation field around an indenter during puncture has remained
elusive. [38] Quantitative understanding of this process has been limited by 1) a breakdown of analytical solutions at deep indentation, [127] 2) large strain gradients observed
under small displacements, [83,88] 3) an incomplete understanding of crack path and shape
during puncture, [83,128] and 4) complications arising from implementing sharp corners in
simulations. [35] Despite the challenges in treating this problem, experiments have produced a qualitative picture of the strain field around an indenter during deep indentation
that largely consists of compressive strain below the indenter and shear strain on the
sides of the indenter as sketched in Figure 1.1. [7,38][Chapter 2] This qualitative understanding
was recently used to solve a residual strain issue in needle-induced cavitation protocols; however, the deformation field around the indenter was only inferred and not directly
quantified. [7][Chapter 2] Strategies to quantify the deformation around a rigid body inserted
into a soft solid are necessary to expand the impact and usefulness of puncture tests as
a materials characterization method.
In this work, the deformation field is quantified experimentally using digital image correlation (DIC). DIC is a robust experimental method for quantifying deformation fields
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Figure 1.1: Images showing deep indentation of a soft solid alongside the current qualitative understanding of the deformation field
around the indenter during this process. [38]

through direct visualization of a pattern with optical contrast. [5,81,130] This technique can
be applied in two or three dimensions and has proven particularly useful in characterizing
the deformation of soft solids. [17,18,56,96,98] This work aims to directly quantify the deformation field around a rigid cylinder indented into a soft solid through DIC.
The sections that follow test the current understanding of the deformation field during
deep indentation. First the materials and methods used during deep insertion of a rigid
cylinder into a soft solid are presented. Then the DIC measurement of the deformation
field is validated through a reconstitution of the nominal force on the indenter. Finally, the
strain field around the indenter before and after puncture is used to quantitatively confirm
the inferred picture of the deformation field. These results have strong implications for
characterizing the large strain elastic and fracture properties of soft solids and biological
tissues which are often difficult to quantify with traditional methods.
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1.3
1.3.1

Experimental
Materials

Deep indentation and puncture experiments were conducted on a polydimethylsiloxane (PDMS) elastomer with an internal plane of optical contrast. A Sylgard R 184 kit was
sourced from Krayden, Inc. and used as received. Samples were mixed and degassed
at a prepolymer:crosslinking agent ratio of 30:1. Modeling the small strain regime during
indentation with contact mechanics showed that the elastic modulus E of the sample was
556.6 kPa. Preparation of the sample is shown in Figure 1.2. An acrylic mold with dimensions 7.5 × 5 × 2.5 cm was filled halfway with PDMS. The PDMS was then partially cured
for ∼30 minutes at 70◦ C, and the sample was tilted to confirm that the sample was sufficiently cured to resist deformations upon introducing the embedded pattern. To create
an internal plane of optical contrast, a pattern of circles was then etched onto the surface
using a Universal Laser VLS3.50 laser cutter. The etching deposited a fine ash pattern of
carbon black that provides the optical contrast used for DIC. Once etched, the remainder
of the mold was filled with PDMS and cured in the oven at 70◦ C for 18 hours. The initial
partial curing of the PDMS was chosen to anchor the etched pattern while allowing diffusion and bonding across interface during the second curing step, which was long enough
to minimize a stiffness gradient between the two halves of the sample.

1

1
Laser

Mold
3
7.5 cm
2.5 cm
Partially Cured PDMS

2

5 cm

Etched Circles

Figure 1.2: Sketch showing the preparation steps for PDMS elastomers with an internal plane of optical contrast. 30:1 PDMS that has
been mixed and degassed is poured into a mold and partially cured for 30 minutes at 70◦ C. Then a laser is used to etch a pattern of
circles onto the surface and deposit a fine black ash. The remainder of the mold is filled with PDMS and cured for 18 hours at 70◦ C.
Once finished curing, the elastomer is turned on it’s side and punctured with a rigid cylindrical indenter.
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1.3.2
1.3.2.1

Methods
Puncture.

A rigid steel cylinder with R = 1 mm was indented into and retracted from a PDMS
elastomer with an internal plane of optical contrast to a maximum displacement of 15 mm
at a displacement rate of 1 mm/s. The indenter was centered over the internal plane
of optical contrast. Force and displacement were monitored using a TA.XT Plus Texture
Analyzer from Texture Technologies with a 50 N load cell. Visualization of the process
was obtained using an EO-1312C color CCD camera from Edmund Optics. A schematic
of the setup with plots of the raw data as well as a video of the puncture measurement
are shown in Figure 1.7 and Supplementary Video SV1 1. Note that the camera only
visualized approximately the top half of the sample height.

1.3.2.2

Digital Image Correlation (DIC)

A summary of the steps in the DIC process is shown in Figure 1.3 and each individual
step is shown in Supplementary Videos SV1 1-4. First the raw data, which consists of a
measurement of the force on the indenter and visualization of the deformation field during
the deep indentation and puncture process, is collected. Then an iterative particle image
velocimetry (PIV) plugin for ImageJ developed by Tseng et al. [133] is used to measure the
frame-by-frame displacement field. This results in an Eulerian grid of local displacement
vectors during the puncture process. In order to calculate the local strains, the Eulerian
grid is then converted to a Lagrangian mesh. A custom MatLab procedure was developed
that introduces a grid of points on the first frame of interest (frame 222), interpolates the
displacement field to be a continuous function on each frame, and then uses said function
to move each point on the frames until the final frame of the video (frame 757). Full
details on the DIC process including the methods used for determining appropriate input
parameters are contained in the SI. The Lagrangian Mesh was then used to calculate the
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Figure 1.3: Images showing the different steps in the DIC process. In order, the raw data is gathered, frame-by-frame displacement
fields are measured via an ImageJ plugin developed by Tseng et al., [133] the Eulerian displacement field is converted to a Lagragian
mesh, and this mesh is then used to quantify the strain field around the indenter.

deformation gradient F assuming axisymmetry. F was then used to calculate the Green
strain εij where δij is Kronecker’s delta.
1
εij = (Fki Fkj − δij )
2
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(1.1)

1.4

Reconstituting the Nominal Force

While the DIC process above can quantify the strain field on each frame of the video
gathered, it is not immediately clear if the measurement is accurate. In order to verify this,
the resultant normal force f along the axial direction of the cylinder was reconstituted
from the DIC measurement and compared to the direct measurement from the load cell.
Assuming Neo-Hookean behavior gives the true stress,

σij =

E
Fki Fkj − pδij
3

(1.2)

where p is the hydrostatic pressure term and is equal to E/3 when there is no strain in
the system. In order to accurately estimate the stress in the deformed state p must be
estimated. Following the force balance approach introduced by Hall et al., [56] p can be
estimated at each point in space where Hjk Fik = δij .

p(x + ∆x) = p(x) + ∆x

3 X
3
X
i=1 k=1

!

E ∂Fik
∂Hik
− p(x)
Fi1
3 ∂xk
∂xk

(1.3)

In order to use Equation (1.3), the value of p must be known at an initial location. Here it
is convenient to treat the leftmost column of unit cells as being far field where no deformations are observed and p = E/3.
The force f can then be estimated by summing the total force produced by each unit
cell in the top row of unit cells where A in the initial area of a unit cell and Nc is the
total number of columns. Note that A was estimated as a semi-cylinder to avoid doublecounting the area.
f22

Nc
X
An σ22
=
(1 + ε22 )
n=1

(1.4)

A plot comparing the DIC force profile when using p = E/3 and when using Equation (1.3) is shown in Figure 1.4a. The vertical dashed line indicates the point at which
retraction begins. The full displacement-time profile is shown in Figure 1.7. Assuming
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Figure 1.4: a) Comparison between the DIC reconstituted normal force when p = E/3 and when p is modeled by Equation (1.3)
showing that p = E/3 predicts significantly higher forces. b) Comparison between the nominal force reconstituted from the DIC
measurement and that measured directly by the load cell indicating that the DIC measurement is within 25% up to the point of
puncture. Vertical dashed lines indicated the point at which retraction begins.

p = E/3 throughout the sample leads to a significantly larger estimation in the force. A
plot comparing the normal force on the cylinder measured directly from the load cell and
reconstituted from the DIC measurement is shown in Figure 1.4b. Comparing the DIC
recreated force to that measured by the load cell shows that the DIC tends to overestimate the force; however, it appears to stay within 25% of the measured force up to the
point of puncture. Also, deviation from the trend measured by the load cell is not observed until significant retraction of the indenter occurs. These results indicate that the
DIC is capable of quantifying the strain field up to the point of retraction at t = 15.2 s.

1.5

Strain Distribution Around Indenter

The distribution of strain around the indenter at different times up to the point of retraction is shown in Figure 1.5. The compressive strain field is shown in Figure 1.5a
(supplementary video SV1 4) and indicates that compression is mainly observed below
the tip of the indenter and not on the sides. The shear strain field is shown in Figure 1.5b
(supplementary video SV1 5) and indicates that shear is mainly observed on the sides of
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the indenter and not below the tip. Together, these results quantitatively support the previously inferred picture of the strain field around a rigid body indenting into a soft solid. [7,38]
DIC measurements can also be used to quantify the stress field around the indenter.
Figure 1.5c (supplementary video SV1 6) shows a map of |σ22 /E| up to the point of retraction. These results indicate that the stress is greater on the sides of the indenter than
it is below. Note here that the highest values of σ22 are concentrated in the shear zones
on the sides of the indenter. That a shear strain can produce a normal stress is evident
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Figure 1.5: a) Image of the compressive strain field around the indenter at different time points up to the point of retraction. b) Image
of the shear strain field around the indenter at different time points up to the point of retraction. These maps show that the strain field
is mainly composed of compression below the indenter and shear on the sides. c) Image of the stress field around the indenter at
different time points up to the point of retraction. This distribution shows that the resistance to puncture is greater on the sides of the
indenter than it is below.
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from Equation (1.2), where the stress depends on the right Cauchy-Green deformation
tensor Fki Fkj showing that deformation in a given direction may result in stress in another
direction. For example, σ22 will be influenced by the deformation gradient in the 2 direction
on the 2 face F22 , but will also have contributions from F12 and F32 . This suggests that the
bulk resistance of the material to puncture mainly arises from the deformed material on
the sides of the indenter and not the material below the indenter.
While the stresses are greater on the sides of the indenter, the crack appears to intiate
in the region below the tip. This can be seen in Figure 1.6 which shows an overlay of
the compressive strain and stress fields on the frames immediately before, during, and
after the critical puncture event. The release of stress and strain in the compressive zone
indicates that this is where the failure initiates. This suggests that the stress concentration
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Figure 1.6: Images of the compressive strain field and the stress field on the frames immediately before, during, and after critical
event. The release of compressive strain shows that the crack initiates in the compressive zone below the indenter tip.
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around the tip also plays an important role in the deep indentation and puncture process
because it initiates the failure process. Together, these observations highlight the interplay between the compressed and sheared regions around the indenter. The resultant
force mainly arises from the sheared region on the sides of the indenter in which greater
deformation is only possible so long as failure does not initiate in the compressed region
below the tip. This suggests that the ultimate force needed to puncture a material can
be reduced when stress is concentrated below the indenter tip to initiate failure in the
compressive region at lower penetration depths.

1.6

Conclusions

DIC was combined with deep insertion of a rigid cylinder into a soft elastomer with an
internal plane of optical contrast. DIC measurements were demonstrated to be accurate
by reconstituting the nominal force on the cylinder during the puncture process. Mapping
of the strain field was then used to validate that the strain around the indenter consists
mainly of compression below the indenter tip and shear on the sides. Mapping of the
stress field was used in order to reveal the interplay between the compressed and sheared
regions during deep indentation and puncture. Understanding this deformation field will
increase the impact of puncture tests as a method for characterizing the large strain elastic
and fracture properties of soft materials.

1.7

Supplementary Information: Deep Indentation and Puncture of
a Rigid Cylinder Inserted into a Soft Solid

1.7.1

Supplementary Videos

The supplementary videos associated with this chapter are listed below.
• Supplementary Video SV1 1: Plot of the raw video data overlaid with the force data
gathered via load cell.
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• Supplementary Video SV1 2: Overlay of the displacement fields measured on each
frame via the PIV ImageJ plugin of Tseng et al. [133]
• Supplementary Video SV1 3: Overlay of the grid points that define the Lagrangian
mesh used to calculate strains.
• Supplementary Video SV1 4: Overlay of −ε22 .
• Supplementary Video SV1 5: Overlay of |ε12 |.
• Supplementary Video SV1 6: Overlay of |σ22 /E|.
• Supplementary Video SV1 7: Overlaid videos showing the removal process for
points that cross onto the indenter.
• Supplementary Video SV1 8: Overlay of ε11 .
• Supplementary Video SV1 9: Overlay of I1 .

1.7.2

DIC Process and Optimization

The DIC process consisted of four steps. The first step was to collect the raw data
shown in Figure 1.7. Figure 1.7 shows a) a sketch of the experimental setup b-c) examples of the raw displacement, time, and force data gathered during the experiment as well
as images showing the deep indentation and puncture process. This step is shown in
Supplementary Video SV1 1.
The second step in the DIC process was to analyze the raw data using the PIV ImageJ plugin developed by Tseng et al. [133] The PIV step of the DIC analysis has several
input parameters such as the interrogation window size, search window size, and vector
spacing. The interrogation window size Xeul describes the size of the square window on
the first frame used to identify distinguishing features. The search window size is the size
of the window on the following frame where distinguishing features are correlated to those
on the initial frame and is set to 2Xeul . The vector spacing gives the spacing between the
14

centers of each interrogation window on the frame and is set to Xeul /2. Setting the ratio
between these quantities is convenient as it collapses three input parameters down to
one. Optimization of this input parameter is possible after the third DIC step. An example
of this step is shown in Supplementary Video SV1 2.
The third step consists of converting the Eulerian grid of frame-by-frame displacements to a Lagrangian mesh of points. This was done by taking the displacement field
and interpolating it to make a continuous function. Then a grid of points was introduced
on the first frame of interest in the video (frame 222). The location of each of these grid
points was then updated on every remaining frame in the video using the interpolated
displacement field function. Those points that cross over the indenter itself were removed
from the mesh. This removal process is shown in Supplementary Video SV1 7 as the
boundaries of the probe were identified as that of the largest contiguous dark region on
the frame after thresholding.
A full loading and unloading cycle of the deep indentation and puncture process was
performed and comparing the first and final frames of the video show that there was

Load Cell
Indenter

Sample

Video
Camera

c)

i.

b)

16

35

14

30

12

25

Force (N)

Actuator

Displacement (mm)

a)

10
8
6
4

15

i.

10
5

iv.

-5
0

5

10

15

20

Time (s)

ii.

5 mm

iii.

20

0

2
0

ii.

5 mm

25

30

-10

0

2

4

6

8

10

12

14

16

Displacement (mm)

iii.

iv.

5 mm

5 mm

Figure 1.7: a) a sketch of the experimental setup. b) The raw displacement, time, and force data gathered during the experiment. c)
Images showing the deep indentation and puncture process. synchronized to the time points marked in b).
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no observable residual strain left at the end of deformation. This fact is useful in that it
provides a metric for optimizing the DIC process as any point that is introduced in the
system that is not removed from the mesh should return to its initial position. A plot of
the cumulative frequency against the square of the difference between the initial and final
position of points normalized by Xeul 2 is shown in Figure 1.8. This plot shows that larger
Xeul produce smaller errors in the Lagrangian mesh. Note that Xeul = 128 was the largest
value considered as it was approximately equal to the diameter of the probe and higher
values would significantly underestimate the observed deformation. Here Xeul = 128 was
found to be the best value of all the input parameters tested and resulted in the data
shown in Supplementary Video SV1 3.
The final step in the DIC process was converting the Lagrangian mesh into a mapping
of the stress and strain fields. This process was covered in Section 1.3.2.2 and it consisted
of calculating the deformation gradient under an assumption of axisymmetry in order to
find the Green strain. In addition to the mappings shown in Figure 1.5, overlays of ε11 and
I1 are shown in Supplementary Videos SV1 8 and SV1 9, respectively.
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by Xeul 2 .
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CHAPTER 2
RESIDUAL STRAIN EFFECTS IN NEEDLE-INDUCED CAVITATION

2.1

Overview

Needle-induced cavitation (NIC) locally probes the elastic and fracture properties of
soft materials, such as gels and biological tissues. Current NIC protocols tend to overestimate properties when compared to traditional techniques. New NIC methods are needed
in order to address this issue. NIC measurements consist of two distinct processes,
namely 1) the needle insertion process and 2) the cavitation process. The cavitation
process is hypothesized to be highly dependent on the initial needle insertion process
due to the influence of residual strain below the needle. Retracting the needle before
pressurization to a state in which a cylindrical, tube-like fracture is left below the needle tip is experimentally demonstrated to reduce the impact of residual strain on NIC.
Verification of the critical cavitation pressure equation in this new geometry is necessary
before implementing this retraction NIC protocol. Complementary modeling shows that
the change in initial geometry has little effect on the critical cavitation pressure. Together,
these measurements demonstrate that needle retraction is a viable experimental protocol
for reducing the influence of residual strain, thus enabling the confident measurement of
local elastic and fracture properties in soft gels and tissues.

2.2

Introduction

Cavitation rheology is a developing field coalescing from the independent development of a diverse set of mechanical characterization techniques that capitalize on the
underlying physics of cavitation. Among this set are techniques such as needle-induced
18

cavitation (NIC), [10–12,29,32,40,45,58,59,64,66,76,86,102,103,129,143–145] laser-induced cavitation (LIC), [3,4,37,90]
acoustic-induced cavitation (AIC), [72,92,94,139] shockwaved-induced cavitation (SIC), [14,15,60,70]
and confinement-induced cavitation (CIC). [19,20,26,48,49,80,82] A diverse, tunable range of size
and time scales between techniques makes cavitation rheology attractive for characterizing soft materials. Needle-induced cavitation (NIC) provides a highly localized probe of
the elastic and fracture properties of soft materials, such as gels and biological tissues,
that are often difficult to manipulate into traditional mechanical characterization geometries. This technique has the potential to characterize tissues in vivo but has been limited
by variability in the properties measured as shown in Figure 2.1. [10,32,40,59,66,76,103,143,145]
The references in Figure 2.1 measured elastic modulus by at least two techniques and
the data indicates that NIC tends to overestimate the modulus compared to traditional
mechanical characterization techniques. This trend indicates that new NIC protocols are
necessary for characterizing materials properties.
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Figure 2.1: Plot of elastic modulus measured with needle-induced cavitation against values measured with shear rheometry, indentation, and uniaxial extension from literature. Sources are denoted as as [1-9] and correspond to the references at the end of this
statement. [10,32,40,59,66,76,103,143,145] The black line is the equivalent point.
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Counter to this trend, Raayai-Ardakani et. al recently found that moduli from NIC were
significantly lower than those measured from uniaxial extension. [103] They calculated NIC
moduli assuming a purely elastic cavitation mechanism, however, based on the interpretation in their more recent work, a fracture mechanism was observed. [105] Fracture necessarily occurs at a pressure below the cavitation threshold which explains the observed
discrepancy. [64,84] Bentz et al. [10] recently discussed the trend observed in Figure 2.1 between measurement techniques and argued that it related to the nature of the crosslinking
bond in the gel. However, Bentz et al. did not test if the increase is primarily related to the
stress state in the gel resulting from the needle insertion process.
The NIC measurement consists of two distinct processes, namely 1) an initial needle
insertion process and 2) a subsequent cavitation process. While the cavitation process
has received much attention in the literature, the needle insertion process has largely
remained unspecified. [38] This ambiguity in needle insertion protocol leaves NIC measurements vulnerable to scatter and shifts imparted due to the presence of residual strain
at the needle tip, which may lead to a misinterpretation of data.
To estimate the impact of residual strain on NIC, assume that the critical pressure at
the tip of a needle inserted beyond the point of puncture can be represented as the superposition of the cavitation pressure in a fully relaxed system and the average pressure
needed to overcome the residual stress at the tip. The cavitation pressure can be approximated as the elastic modulus E, [52] and the residual stress can be approximated by E
multiplied by a measure of the compressive strains at the needle tip,


Pc = Pcav + PResidual Strain

δ−l
≈E 1+
Rout


(2.1)

where Pc is the critical pressure, δ is displacement of the indenter in reference to the
undeformed surface, l is the axial length of the fracture after puncture, and Rout is the
outer radius of the indenter. For flat-tipped needles, often employed in NIC, the compressive strain can become quite large upon insertion and is not fully released upon punctur20

ing. [39,83,88][Chapter 1] As supported below, δ − l ≈ 10−3 m typically and Rout ≈ 10−4 m such
that the residual strain term can often be an order of magnitude greater than the cavitation term. Strategies to address this limitation in sensitivity and accuracy are needed to
extend the impact and usefulness of NIC.
This chapter first assesses the residual strain hypothesis mentioned above and then
introduces a new needle insertion protocol that creates an initially cylindrical NIC geometry. The theoretical form of the critical cavitation pressure equation in the altered geometry
is then verified with finite element modeling. Critical pressures of the new geometry are
experimentally demonstrated to conform to the spherical cavitation equation. This difference in behavior is understood through the concept of residual strain at the needle tip. A
scaling argument is presented for estimating the retraction distance needed to produce
the cylindrical NIC geometry. These findings have large implications for the characterization of soft solids and biological tissues where pre-strain can result from sample geometry
or boundary conditions.

2.3

Experimental

2.3.1
2.3.1.1

Methods
Indentation.

Cylindrical, flat probe indentation was used to measure the elastic modulus of samples. Force and displacement were monitored using a TA.XT Plus Texture Analyzer from
Texture Technologies with a 50 N load cell. Each sample was tested at a displacement
rate of 0.1 mm/s using a 2 mm diameter flat, cylindrical steel probe attached directly to
the load cell and a turnaround force of 20 mN. A schematic of the setup with a representative plot of the data is shown in Figure 2.7. Modulus was calculated using Equation (2.2)
which contains a confinement correction term to Hertzian contact developed by Shull et.
al where a is contact radius, h is sample height, and C is the experimentally observed
sample compliance. [126]
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 3 #−1
3 1
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a
E=
1 + 1.33 + 1.33
8a C
h
h

(2.2)

The critical adhesive strain energy release rate GA
c between steel and the PDMS
blends was estimated using Equation (2.3) where Fpeak is the peak separation force. [126]
GA
c =

2
3Fpeak
3
32πERout

(2.3)

Equation (2.3) describes how to determine the critical strain energy release rate for
separating the interface between a flat, cylindrical probe and the gel. The format of
this equation incorporates several assumptions, most importantly that the system is assumed to be fully elastic, thus independent of rate, temperature, or loading history. We
use this form here to provide a means of comparing scaling relations developed below, which are based on a quasi-elastic treatment of the materials systems as related
to the NIC measurements. A more complete discussion on measurement of contact mechanics methods for quantifying polymer interface adhesion can be found in these references. [8,23,67,91,125,126]

2.3.1.2

Puncture.

Puncture tests were performed using a different configuration on the same instrument
mentioned in Section 2.3.1.1. For this test, blunt tipped needles of various size sourced
from the Hamilton Company were rigidly mounted. The sample was raised onto the needle at a displacement rate of 0.1 mm/s with force and displacement being monitored
through the base of the sample. Visualization of the deformation was obtained using an
EO-1312C color CCD camera from Edmund Optics. A schematic of the setup and representative plot of the data is shown in Figure 2.8. The peak puncture force Fc was used in
order to calculate Γo according to Equation (2.4), assuming an energy-limited puncture. [39]

Fc = Γo Rout
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(2.4)

Γo is a measure of the fracture nucleation energy and may be thought to scale with the
critical energy release rate Gc . [38,39]

2.3.1.3

Needle-Induced Cavitation (NIC).

A needle-induced cavitation setup was designed to monitor force and displacement
of the needle, pressure at the tip of the needle, and visualize the needle tip during testing. Visualization of the deformations at the tip and monitoring of the needle force and
displacement was achieved using the instrumentation discussed in Section 2.3.1.2. Blunt
tipped steel needles were purchased from the Hamilton Company. Control of the pressure was achieved using a 1 mL glass Hamilton syringe in a Nexus 6000 syringe pump
purchased from Chemyx. Pressure was monitored using a PX309-300G5v pressure sensor purchased from Omega Engineering and interfaced with a custom LabView program.
Together, the pressure sensor fittings, syringe, and adapter connecting the system had a
total volume of ∼2.5 mL. During air injection tests, fittings for the pressure sensor were
filled with water leaving ∼2 mL of compressible volume in the pressure system implying
a maximum gauge pressure of ∼100 kPa when injecting air. A representative plot of the
data along with the visualization gathered on this setup is contained in Figure 2.9 as well
as in Supplementary Video SV2 1.
The needle insertion protocol defined in this chapter is shown in Figure 2.2a. It is
specified as inserting the needle to a maximum displacement δmax beyond the point of
puncture. The needle is then retracted a given distance dretraction before being held at
a final displacement δf inal = δmax − dretraction . The insertion and retraction speeds are
set equal to each other and referred to as δ̇. A schematic of the needle in the gel at
different points during the insertion and pressurization process is shown in Figure 2.2b.
Needle-induced cavitation is performed by inserting a needle connected to a syringe into
a sample and pressurizing the fluid with the syringe. Once a critical pressure is realized,
rapid expansion of the sample at the tip of the needle is observed. When this deformation
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Figure 2.2: a) Normalized displacement and pressure vs time for the needle insertion process. Needle insertion happens at a constant
speed to a maximum displacement δmax beyond the point of puncture. The needle is then retracted a controlled distance dretraction
at the same speed before being held at a final displacement δf inal . b) Schematic and images of a needle in a gel at different points
of the insertion and cavitation processes.

is driven by elasticity, it can be represented by Equation (2.5),

Pc =

C1 γ
+ C2 E
Rin

(2.5)

where γ is the interfacial tension between the injected fluid and sample, Rin is the inner
radius of the needle, and C1 and C2 are constants. [145] Values for the prefactors in Equation (2.4) are typically assumed to be those from the theoretical treatment of an initially
spherical void in an infinite, incompressible solid which gives C1 = 2 and C2 = 65 . [54,145]
When expansion at the needle tip is driven by fracture, the critical pressure is modeled
with the linear elastic solution for a penny-shaped crack as shown in Equation (2.6). [53,76]
r
Pf =

πEGc
3Rin
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(2.6)

2.3.1.4

Simulations.

Cylindrical void expansion at a blunt needle tip was simulated using the finite element software ABAQUS (Version 6.13). A schematic of the finite element model nodes is
shown in Figure 2.10. Aspect ratio of the void L/R is defined as axial length of the void
L divided by radius of the void R. The geometry is assumed to be axisymmetric. Height
and radius of the sample block are 100 and 50 times R respectively. The needle modulus is five orders of magnitude greater than the surrounding sample, making it effectively
rigid. The sample block is assumed to be nearly incompressible with a Poisson’s ratio
ν = 0.49999975. The model is meshed with 8-node biquadratic axisymmetric quadrilateral hybrid elements with reduced integration (CAX8RH), and the mesh is greatly refined
around the cavity as shown in Figure 2.10. Four aspect ratios (L/R = 1, 3, 5, and 7 with
total respective number of elements 76,046, 82,280, 96,892, and 107,064) are used to
quantify changes in critical pressure. The top and bottom sides of the sample cylinder
were fixed along the axial direction, but each can slide freely in the radial direction. Pressure was applied to the inner wall of the cylindrical void. Experimental NIC measurements
were performed at size scales above those where interfacial tension was relevant and is
thus not accounted for in simulations. Simulations were used to test the alteration of C2
from the spherical value typically assumed in Equation (2.5).

2.3.2

Materials

Acrylic triblock gels are a common system for NIC studies due to their highly elastic
nature and thermoreversible behavior. [32,34,59,64,121,122] ABA copolymers of a poly(n-butyl
acrylate) midblock with poly(methyl methacrylate) end blocks were kindly provided by Kuraray Co., Ltd and used as received. Gel permeation chromatography and nuclear magnetic resonance spectroscopy were used to determine that the weight average molecular
weight of each end block is 25 kg/mol and the mid block is 104 kg/mol with D=1.06. Notation for these gels is defined as A25 B104 A25 . 2-ethyl-1-hexanol was purchased from Sigma
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Aldrich and used as received. Samples were prepared by mixing 15 mL of 2-ethyl-1hexanol with A25 B104 A25 to a polymer volume fraction of 0.07 (E = 5.2 ± 0.2 kPa from
indentation) in a 20 mL scintillation vial. The vial was firmly capped and then heated
to 110◦ C for 6 hours after which the warm solution was stirred in a vortex mixer before
heating under the same conditions for another 6 hours. Samples were translucent and
appeared homogeneous in composition after the final heating step. Samples were cooled
by immediate removal from the oven and left at room temperature (22◦ C) for several hours
until fully cooled.
Silicone blends were chosen as a material system due to their flexibility in tuning elastic
and fracture properties by simultaneously altering the crosslink density and swelling ratio
in the system. [38] 350 cSt trimethylsiloxy terminated linear polydimethylsiloxane (PDMS)
chains were purchased from Gelest, Inc. and used as received. A Sylgard R 184 kit was
purchased from Krayden, Inc. and used as received. Silicone blends were produced by
mixing the prepolymer and curing agent at a given ratio and then diluting that mixture to
a certain weight fraction with nonreactive linear chains. The notation defined for these
blends is ”g prepolymer/1 g curing agent.diluted weight fraction of reactive network”. For
example, a 30.7 PDMS sample would be made using a 30:1 prepolymer:curing agent ratio that was then mixed with nonreactive linear chains to a weight fraction of 0.7. Table 2.1

Table 2.1: Definition of the prepolymer:curing agent ratio and weight fraction of Sylgard R 184 diluted with non-reactive linear PDMS
chains for different silicone blends

PDMS Blend
Name

Cure Time
(hr)

Prepolymer:Curing
Agent Weight Ratio

20.5
20.6
30.7
30.7
40.5
40.95

24
24
18
24
24
24

20:1
20:1
30:1
30:1
40:1
40:1
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Weight
Fraction in
Linear
Chains
0.5
0.6
0.7
0.7
0.5
0.95

E (kPa)
80.7±3.5
125.3±3.2
48.4±4.5
62.2±2.2
4.5±0.5
48.8±3.0

contains a list of all the blends and their assigned names along with elastic modulus quantified from indentation. The silicone blends were all mixed before curing and degassed for
15 minutes. After degassing each 30.7 sample used for the NIC survey experiment was
heated to 70◦ C and cured for 18 hours. After degassing each sample meant for the critical retraction distance experiment was heated to 70◦ C and cured for 24 hours. Samples
were cooled by immediate removal from the oven and left at room temperature (22◦ C) for
several hours until fully cooled.

2.4

Needle-Induced Cavitation (NIC) With Retraction

The needle insertion protocol shown in Figure 2.2 introduces δ̇, δmax , and dretraction as
experimental variables that may influence the NIC measurement. An experimental survey
probing their impact on the NIC measurement was performed. In addition, the gel chemistry, needle size (Rin , Rout ), and fluid reservoir compression rate V̇ were all systematically
altered. Full details of the experimental conditions are contained in Section 2.7.2. Plots of
Pc /µ, where µ is the shear modulus, against dretraction for the A25 B104 A25 gel at different δ̇,
δmax , V̇ , and (Rin , Rout ) are contained in Figure 2.11. No consistent trend strong enough
to be distinguished from dretraction was observed in the data. These results suggest that
dretraction is the most important experimental parameter in NIC.
The independence of critical pressure on needle size is unexpected. Equation (2.5)
−1/2

−1
and Equation (2.6) predict that Pc should scale with Rin
or Rin

when cavitation or frac-

ture is observed, respectively. [29,32,45,66,76,143] This observation is due to an insensitivity to
the interfacial tension in the needle sizes used in this study. For the A25 B104 A25 gel, the
capillary pressure is predicted to be ∼0.7 kPa for the smallest needle used in this study
while the experimental variability in pressure is ∼ ±1 kPa.
Plots of Pc normalized by shear modulus µ against dretraction for different gel chemistries
are shown in Figure 2.3. Plots showing all the gel chemistry data gathered with variations
in δ̇ and δmax are shown in Figure 2.12, though the trends are similar to those observed in
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Figure 2.3: Plots of critical pressure Pc normalized by the shear modulus µ against dretract for the a) A25 B104 A25 gel and b) 30.7
PDMS blend where (Rin , Rout )=(130,232) µm, δ̇=1 mm/s, δmax =22 mm, and V̇ =500 µL/min in the A25 B104 A25 gel and V̇ =50
µL/min in the 30.7 PDMS blend. At small dretraction large pressures with high variability for each gel is observed. At bigger values of
dretraction the data becomes more consistent and the critical pressures approach Equation (2.5).

Figure 2.3. A trend is observed where small retraction distances lead to high pressures
and variability, while large retraction distances are associated with more consistent data
and pressure values closer to those predicted by Equation (2.5). This trend of reduced
critical pressure is associated with a transition across a critical retraction distance d∗ret
where the gel peels from the needle tip leaving a cylindrical tube-like fracture below, as
shown in Figure 2.2b for the A25 B104 A25 gel. Supplementary videos SV2 1 and SV2 2,
and SV2 3 and SV2 4 show the NIC deformation with the needle tip in both the contacting and non-contacting state for the A25 B104 A25 gel and 30.7 PDMS blend, respectively.
While experiments at a retraction distance of zero were not conducted for the 30.7 PDMS,
the data for the five retraction distances measured are consistent with the trend observed
in the A25 B104 A25 gel. The appearance of a cylindrical, tube-like fracture below the needle
indicates that the gel is no longer applying large compressive forces to the opening of the
needle reducing the residual strain contribution to the pressure for unstable expansion.
These findings indicate that critical pressure values will converge to Equation (2.5) once
dretraction > d∗ret .
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Figure 2.4: a) Contour map of the principal stress for a cylinder with L/R = 3. b) Plot of P/µ against the volumetric stretch ratio of
cavities of varying aspect ratio. This modeling shows that the critical pressure value is relatively insensitive to the altered geometry.

The cylindrical void geometry observed in experiments is markedly different from the
spherical void assumed by Equation (2.5). Simulated expansion of a cylindrical void of
varying aspect ratios at the tip of a needle is shown in Figure 2.4. The change in initial
geometry does not significantly alter the critical pressure point. Previous simulations of
NIC have similarly concluded that the divergence from the spherical geometry has little
effect on the critical pressure behavior. [63,103] This finding implies that Equation (2.5) adequately describes the critical pressure for cylindrical NIC. However, Figure 2.3 shows
that Equation (2.5) overestimates the critical pressure for the 30.7 PDMS blend. The
30.7 PDMS blend is a stiff gel (E = 48.4 ± 4.5 kPa) and expansion of the cavity occurs
in a steady, non-axisymmetric manner and the pressure time profile, as seen in Supplementary Video SV2 4, has a smooth peak indicating that the 30.7 PDMS blend exhibits
fracture behavior.
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2.5
2.5.1

Critical Retraction Distance
Scaling Critical Retraction Distance

The transition upon needle retraction between a contacting and non-contacting state,
shown schematically in Figure 2.13, at the needle tip creates a cylindrical geometry that
is insensitive to residual strain. This condition occurs when dretraction ≥ d∗ret .
The critical retraction distance d∗ret , is related to the puncture and fracture propagation
process of needle insertion and the adhesive peel process at the interface between the
needle and gel upon retraction. Accordingly, d∗ret scales with the elasticity of the gel,
cohesive fracture energy of the gel, the interfacial fracture energy between the needle
and gel, and indenter geometry. The distance required to relax compressive strains,
dcomp , and the distance required to separate the needle from the gel, dpeel , are considered
distinct contributions to d∗ret , such that:

d∗ret = dcomp + dpeel

(2.7)

The scaling of dpeel is determined by substituting Fpeel = 8µRout dpeel into Equation (2.3).
The scaling of dcomp can be determined by calculating Gc in the puncture geometry. The
derivation presented here is simple and a more complete treatment of the subject has
been presented first by Stevenson and Ab-Malek and later by Shergold and Fleck. [124,128]
The fracture nucleation energy Γo scales with Gc which can be defined as the change in
stored potential energy Ue per area A of new surface created.

Γo ∼ Gc = −

dUe
dA

(2.8)

The elastic energy released can be approximated as dUe = −µε2 dV with ε and V
being a measure of the compressive strains and volume of strained material below the
2
indenter respectively. The volume of strained material is given by dV = πRout
dl where l is

30

the axial length of the fracture. The area of new surface created as the crack advances is
given as dA = 2πRout dl. Substituion into Equation (2.8) gives
Γo ∼ µε2 Rout

(2.9)

Treating the compressive strains below the indenter as a Hertzian block gives ε =

dcomp
Rout

which gives the scaling of dcomp . [38] Substituting the scalings for dcomp and dpeel into Equation (2.7) gives Equation (2.10).
s
d∗ret = dcomp + dpeel ∼

Rout Γo
+
µ

s

Rout GA
c
µ

(2.10)

Figure 2.5 shows the collapse of d∗ret when plotted against Equation (2.10). Rearranging Equation (2.10) the relative contribution of dpeel to d∗ret is determined by the ratio
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Figure 2.5: Plot of experimentally measured d∗ret against the scaling found in Equation (2.10).The black circles represent data measured on the silicone blends and the red line represents a linear fit of the data. Note that the data follows a linear relationship when
plotted in this manner.
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GA
c /Γo .
s
d∗ret ∼

Rout Γo
1+
µ

s

GA
c
Γo

!
(2.11)

Values of Γo are typically between 10 and 1000 J/m2 while typical values for the van
der Waals dominated adhesion between two surfaces in intimate contact are around 0.1
−(2-4)
J/m2 . [39,110,125] This implies that in most systems the ratio GA
, thus making
c /Γo ≈ 10

d∗ret dominated by dcomp .

2.5.2

Estimating Critical Retraction Distance

Equation (2.11) demonstrates that d∗ret is a function of both the geometry and material
properties, thus providing a physical understanding of what properties and parameters
control the development of residual stress related to NIC. Although informative and potentially useful in the implementation of NIC, Equation (2.11) cannot be used a priori to
design a specific protocol for systems where the materials properties are unknown. For
using NIC in these cases, we provide two recommendations based on the findings presented in this manuscript. First, for systems where direct visualization of the needle tip
during insertion is possible, users can visually determine d∗ret by observing the cylindrical
tube below the needle tip. Second, for systems where visualization is nontrivial, users can
estimate d∗ret by using the force and displacement data of the needle to observe a change
in stiffness.
Force and displacement on the needle during insertion and retraction is shown in Figure 2.6a. Five distinct stages appear on this plot. [38] First is the loading stage (i) which
refers to the initial elastic loading regime before puncture occurs. [39] Second is the embedding stage (ii) which occurs after puncture where further insertion is resisted by a
sliding friction on the needle walls and a local failure stress supported at the needle tip.
Third is the shearing/decompression stage (iii) which occurs in the early stage of needle
retraction where the force response is determined by static friction on the needle walls
and compression below the needle tip. Fourth is the pullout stage (iv) where the force
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response is determined by a sliding friction at the needle walls. Fifth is the holding stage
(v) where the needle is held at a constant displacement where a relaxation in the friction
at the needle walls results in a decay in the force. [38]
d∗ret denotes the onset of the transition between the static contact in stage (iii) and the
sliding contact in stage (iv) and is marked by a red circle in Figure 2.6a. The transition
between stages (iii) and (iv) is not obvious when force is plotted against displacement;
however, this transition becomes clear when the stiffness (dF/dδ) is plotted against displacement as in Figure 2.6b. The intersection of linear fits of stiffness against displacement before and after the onset of the transition from stage (iii) to (iv) can be used to
estimate d∗ret . Figure 2.6c displays estimates of d∗ret measured by the stiffness change
method (no visualization) against estimates from direct visualization of the needle tip and
good agreement is observed between the two values. These results show that monitoring
the force and displacement data on the needle can be used to estimate d∗ret in samples
where visualization is not possible.
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Figure 2.6: a) Force against displacement of the needle during insertion and retraction for a representative run on the 20.5 PDMS
Blend. d∗ret measured from direct visualization of the needle tip is marked with a red circle. b) Stiffness against displacement during
needle retraction across the transition between stages iii and iv. The intersection of two linear fits of the stiffness before and after the
blend peels from the needle tip is shown to closely agree with the estimate of d∗ret from direct visualization. c) Plot of d∗ret measured
with the stiffness change method (no visualization) and d∗ret measured by direct visualization on the PDMS blends.
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2.6

Conclusions

NIC measurements are a strong function of the needle insertion protocol. Retracting
the needle after insertion leaves a cylindrical, tube-like fracture below the needle tip at a
critical retraction distance. This critical retraction distance scales with the fracture properties of the gel, elasticity of the gel, and geometry of the indenter and was insensitive
to the adhesive interaction between the needle and gel. The cylindrical NIC geometry
displays better agreement with theoretical models for the onset of cavitation of a spherical
void in soft gels due to a reduction in residual strain below the needle tip. Complementary
modeling suggests that altering the initial defect geometry to a cylinder does not significantly alter the critical pressure value. These results demonstrate that needle retraction is
a viable method for reducing the influence of residual strain on NIC measurements. This
is particularly important to soft gels and biological tissues where strain can arise from
complex shapes and boundary conditions.

2.7

Supplementary Information: Residual Strain Effects in NeedleInduced Cavitation

2.7.1

Supplementary Videos

The supplementary videos associated with this chapter are listed below.
• Supplementary Video SV2 1: Force vs time data overlaid onto an NIC run on the
A25 B104 A25 gel with (Rin , Rout )=(130,232) µm, δ̇=1 mm/s, δmax =16 mm, injection rate
V̇ =500 µL/min, and dretraction =0 mm.
• Supplementary Video SV2 2: Force vs time data overlaid onto an NIC run on the
A25 B104 A25 gel with (Rin , Rout )=(130,232) µm, δ̇=1 mm/s, δmax =16 mm, injection rate
V̇ =500 µL/min, and dretraction =8 mm.
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• Supplementary Video SV2 3: Force vs time data overlaid onto an NIC run on the
30.7 PDMS blend with (Rin , Rout )=(130,232) µm, δ̇=1 mm/s, δmax =10 mm, injection
rate V̇ =50 µL/min, and dretraction =3 mm.
• Supplementary Video SV2 4: Force vs time data overlaid onto an NIC run on the
30.7 PDMS blend with (Rin , Rout )=(130,232) µm, δ̇=1 mm/s, δmax =22 mm, injection
rate V̇ =50 µL/min, and dretraction =6 mm.

2.7.2

Experimental Variables Details

The following sections describe the exact experimental conditions and trials measured
in Section 2.

2.7.2.1

Needle-Induced Cavitation With Retraction

Gel chemistries were tested across 7 vol.% A25 B104 A25 gels injected with air and
30.7 PDMS blends (18 hour cure) injected with water with the majority of experimental parameters being tested on the A25 B104 A25 gels due to their thermoreversible nature.
A25 B104 A25 gels were probed with needle size (Rin , Rout )={(156,283),(130,232),(80,156)}
µm, δ̇={0.1,1,10} mm/s, δmax ={16,22} mm, injection rate V̇ ={50,500,2500} µL/min, and
dretraction ={0,2,4,6,8} mm. The Rin =156 and 80 µm needles were only probed with δ̇=1
mm/s and a constant injection rate of 500 µL/min was used for all measurements except for the δ̇=1 mm/s, Rin =130 µm conditions which were also tested at the 50 and 2500
µL/min rates. Five trials were performed at each experimental condition totalling 350 trials
on the A25 B104 A25 gel. 30.7 PDMS blends were probed with needle size (Rin , Rout )={(130,
232)} µm, δ̇={0.1,1,10} mm/s, δmax ={10, 22} mm, injection rate V̇ ={50} µL/min, and
dretraction ={2,3,4,5,6} mm. Five trials were performed at each experimental condition totalling 150 trials on the 30.7 PDMS blend. In total 100 experimental conditions were tested
across 500 trials. Summary data is available in Supplementary Text File ST1.
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2.7.2.2

Estimating Critical Retraction Distance

An experiment was conducted on the PDMS blends listed in Table 2.1 of the main
text that were cured for 24 hours with (Rin , Rout )=(130,232) µm, δ̇=0.1 mm/s, δmax =22
mm, V̇ =50 µL/min, and dretraction =10 mm. The 40.95 PDMS blend was also tested with
(Rin , Rout )={(156,283),(80,156)} µm. A total of 5 trials were performed for each experimental condition totaling 35 trials across 7 experimental conditions. Summary data is
available in Supplementary Text File ST2.
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Figure 2.7: Schematic of the setup used to measure the force F and displacement δ during indentation with a representative plot of
force against displacement for the A25 B104 A25 gel. Compression is positive F while tension is negative F . Displacement is zeroed
at the contact point between the probe and the sample. Both the loading and unloading curves are shown on the plot and are nearly
overlapping showing the highly elastic response of the A25 B104 A25 gel. The slope of the data represents the observed stiffness, which
is the inverse the observed compliance C, while the blue dot represents the peak separation force Fpeak during unloading.

37

a)

c)
Needle

F, δ

Sample

Load Cell

Displacement (mm)

b)

Actuator
10
8

Force (mN)

Video
Camera

Fc

1200

Data

800
1 mm

400
0

6
4

-400

2
0

0

10

20

30

40

50

60

1 mm

0

2

4

6

8

10

Displacement (mm)

Time (s)
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CHAPTER 3
FRACTURE OF MODEL END-LINKED NETWORKS

3.1

Overview

Advances in polymer chemistry over the last decade have enabled the synthesis of
well-defined networks that exhibit homogeneous structure. These precise polymer gels
create the opportunity to establish true multiscale, molecular to macroscopic, relationships that define the elastic and failure properties of polymer networks. A novel theory
of network fracture that accounts for loop defects by drawing on recent advances in network elasticity is developed. This loop-modified Lake-Thomas Theory is tested against
both MD simulations and experimental fracture measurements on model gels, and good
agreement between theory and measurement is observed. These findings enable a priori
estimates of fracture energy in swollen gels where chain scission becomes an important
failure mechanism.

3.2

Fracture of Networks

Polymer networks are constructed of chains constrained by crosslinks to form structures capable of supporting stress. [41] The elastic and fracture properties of a polymer
network determine how the material performs when exposed to external stress. The elastic properties determine how much a network deforms under an applied stress [111] and
the fracture properties determine when the network fails under an applied stress. [113] Understanding the connection between molecular structure and material properties is key
when designing material performance through control of the processing history.
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Models that link materials structure to macroscopic behavior can account for multiple levels of molecular structure. For example, the statistical, affine deformation model
connects the elastic modulus E to the molecular structure of a polymer chain,
1

E = 3νkb T

φo3 Ro

!2

1

φ3 R

(3.1)

where ν is density of chains, φ is polymer volume fraction, R is end-to-end distance, and
kb T is the available thermal energy. [41,43,131,132,134,135] Refinements to this model that account for network level structure, such as the presence of trapped entanglements or number of connections per junction, have been developed. [16,93,95,115,142] Further refinements
to the theory of network elasticity have been developed to account for dynamic processes
such as chain relaxation and solvent transport. [22,30,61,68,114,123] Together these refinements
link network elasticity to chain level molecular structure, network level structure, and the
dynamic processes that occur at both size scales.
While elasticity has been connected to multiple levels of molecular structure, models for network fracture have not developed to a similar extent. The fracture energy Gc
typically relies upon the large strain deformation behavior of polymer networks, making
it experimentally difficult to separate the elastic energy released upon fracture from that
dissipated through dynamic processes. [9,13,31,47,50,52,57,78,97] In fact, most fracture theories
have been developed at the continuum scale and have focused on modeling dynamic
dissipation processes. [101] The exception to this trend is the theory of Lake and Thomas
which connects the elastic energy released during chain scission to chain level structure,

Gc,LT =

Energy dissipated by a single chain
= νRo N U
Cross-sectional area

(3.2)

where NU is the total energy released when a chain ruptures. [78]
While this model was first introduced in 1967, experimental attempts to verify LakeThomas Theory as an explicit model have been unsuccessful. [78] Gent and coworkers at44

tempted to do this on highly swollen networks at elevated temperature but found that, while
the scalings from Equation (3.2) work well, an empirical fitting approach was necessary
to observe agreement between theory and experiment. [2,51] This led many researchers to
conclude that Lake-Thomas Theory worked only as a scaling argument. In 2008, Sakai
et al. introduced a series of end-linked tetra-functional poly(ethylene glycol) (PEG) gels
on which scattering measurements indicated a lack of nanoscale heterogeneities that are
characteristic of most polymer networks. [116,118,120] Fracture measurements on these welldefined networks were performed and it was again observed that an empirical fitting approach was necessary to realize explicit agreement between experiment and theory. [117]
This work hypothesizes that further refinement of Lake-Thomas Theory to account for
network level structure, specifically the presence of loop defects, will produce explicit
agreement between theory and measurements.
PEG gels synthesized via telechelic end-linking reactions create the opportunity to
build upon previous theory to establish true multiscale, molecular to macroscopic relationships that define the fracture response of polymer networks. This paper combines pure
shear notch tests, MD simulations, and theory to quantitatively extend the concept of network fracture without the use of empirical fitting constants. First, the control of molecular
level structure in end-linked gel systems, presented in the literature, is discussed. Then
the choice of molecular parameters used to estimate chain and network level properties
are discussed. Then the experimental and MD simulation methods used when fracturing
model end-linked networks are presented. Finally, a novel theory of network fracture that
accounts for loop defects is developed and tested against experiment and MD simulations.

In 2012, Tew and coworkers introduced thiol-ene click reactions, shown in Figure 3.1a,
that utilized telechelic macromonomers to synthesize homogeneous networks. [27] This
chemistry results in fast, high-yielding and well-defined networks similar to those of Sakai
and coworkers, yet not limited to using PEG as the macromonomer. While thiol-ene
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Figure 3.1: a) Reaction scheme for telechelic PEG network formation used in this study. The scheme shows an example network with
loop defects (red) where the norbornene-functionalized PEG macromonomer and tetrafunctional thiol crosslinker are shown in blue
and yellow, respectively. b) Plot showing the fraction of primary loops in the network f1 is inversely proportional to νRo 3 . c) Equilibrium
swelling ratio Q and solvent content against initial polymer volume fraction φ for a series of PEG gels swollen to equilibrium in water.
Inset shows E measured via indentation against φ for PEG gels in the equilibrium swollen state.

based networks and the networks introduced by Sakai do not exhibit nanoscale or larger
structural features, their networks can have network-level defects, including loops and
dangling ends. Kawamoto et al. quantified the number of dangling ends in PEG networks
crosslinked by azide-alkyne click reactions and it was observed that stoichiometric ratios
of crosslinker to functionalized chains resulted in dangling ends on less than 1% of network junctions. [71] This result shows that defects in the network of end-linked gels formed
with highly efficient crosslinking reactions, such as the thiol-ene click reactions used in
this study, are primarily loop defects. The characterization of network elasticity through
the equilibrium swelling ratios and moduli (measured via indentation) for PEG networks
swollen to equilibrium in water is shown in Figure 3.1c. The previously established rela-
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tionship between network elasticity and loop defects [142] indicates good control over loop
formation with respect to φ. Full experimental details are contained in Section 3.3.
The chain level molecular structure of gels are defined by ν, Ro , and N U . ν can be estimated from polymer volume fraction φo = {0.043, 0.053, 0.065, 0.083}, and Avogadro’s number, and density of PEG ρ = 1110 kg/m3 . [42] The end-to-end distance Ro of a chain can be
estimated with the Kuhn length b = 0.72 nm, reference volume Vref = 0.1 nm3 , monomer
volume VP EG = 0.069 nm3 , and the input degrees of polymerization N = {91, 182, 273}
as shown in Section 3.3. [27,28,36] N U can be estimated from N and the number of bonds
in each monomer. Each chemical PEG monomer has three backbone bonds. Assuming
a bond dissociation energy (BDE) of 334.7 kJ/mol (C-C), gives U = 1.6 × 10−18 J per
monomer. Note that using the lower BDE for C-O gives U = 1.4 × 10−18 J per monomer
which is a negligible difference. [117]
In addition to chain level structure, accounting for network structure, described by the
fraction of loop defects, requires an estimation of network level properties. Kawamoto et
al. were able to experimentally quantify loop density for the first time, and used this measurement to verify that Molecular Dynamics (MD) simulations of network formation were
able to predict loop density. [71] Building upon these initial methods, MD simulations were
performed in the study described here to estimate the loop fraction for different molecular
weights and concentrations. End-linked networks formed via in silico crosslinking naturally incorporate loop defects into the network structure, with the fraction of loops dictated
by the initial formation condition. The number of loops were then counted by tracking
polymer chains that have both functionalized end-groups bonded to the same crosslinking junction. Figure 3.1b shows that the fraction of primary loops in the network f1 is
inversely proportional to νRo 3 . This dependence implies that f1 can be tuned by altering either the input chain length or initial polymer volume fraction φo . [142] A fit of 1/f1 for
randomly generated MD networks (Figure 3.1b) shows that f1 is inversely proportional
to νRo 3 . [136] Secondary and tertiary loop fractions, f2 and f3 , can be estimated assum-

47

ing f2 = f3 ≈ 0.75f1 as was found by Zhong et al. for tetrafunctional networks. [142] The
effective network junction functionality Fef f can then be estimated,


Fef f − 2
1
4
3
81
=
1 − f1 − f2 −
f3
Fef f
2
3
8
4961

(3.3)

where the right side of the equation is the correction factor proposed by Zhong et al. for a
tetra-functional network with loop defects. [142]
Chain and network level structure of networks are connected to materials properties
which can be measured experimentally. Pure shear notch tests are used to quantify E and
Gc on PEG gels as shown in Figure 3.2. [113] Full details on the experimental methods are
contained in Section 3.3. Notch tests in the “pure shear” geometry exploit the boundary
conditions applied at the clamps in order to measure Gc . When the notch is sufficiently
long, the stress and strains in the near crack tip region propagate in a self-similar manner. [113] This enables a straightforward calculation of Gc when the strain energy density
function W , critical stretch ratio at which the crack begins propagating λc , and initial sample height ho are known. Assuming Neo-Hookean behavior gives
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Figure 3.2: a) Schematic of the procedure used for the pure shear notch tests. b) Displacement plotted against time for the unnotched
and notched sample. The time has been shifted for the notched sample. c) Force against stretch ratio for the unnotched and notched
sample. The blue circle indicates λc . d) Plot of the engineering stress against λ − λ−3 for the unnotched sample demonstrating
Neo-Hookean behavior.
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Gc = ho W (λc ) = ho

2
E
λc − λc −1
6

(3.4)

which the linear collapse in Figure 3.2d shows to be a good representation of the elasticity
of the PEG gels used in this study. A summary of the data points measured is contained
in Table 3.2.
Simulated networks are made up of Kremer-Grest style bead-spring polymers [75] connected by breakable quartic bonds [46] embedded in a Lennard-Jones solvent. Networks
are prepared by explicitly simulating a crosslinking process so that the resulting networks
have a realistic concentration of defects. Full details on the methods used to create and
characterize simulated networks are contained in Section 3.3. The bond dissociation energy U is defined by the energy difference between the minimum of the quartic bond
potential, given by the inter-particle equilibrium distance prior to deformation, and the local maximum that the bond energy reaches at the moment of chain scission. To induce
fracture in the network, the simulation box was expanded uniaxially while constant pressure was maintained in the transverse directions until all bonds lying along a plane were
ruptured (Figure 3.3a). Cracks are difficult to define on molecular size scales and thus no
initial crack was prescribed and rupture of the chains in the simulation box was taken to
be representative of failure in the cohesive zone in front of a crack tip. During deformation,
the system stress was tracked as a function of the applied strain. This stress response is
plotted against the engineering strain in Figure 3.3b. As the system must initiate a crack
during the loading process, the system was compressed back to the initial dimensions in
an unloading process at different breaking strains εbreak (Figure 3.3c). The total system
energy dissipated due to chain scission Udissip was taken as the difference in the areas
under the simulated stress-strain curve from the uniaxial loading and unloading of the
network at varying εbreak , as shown by the shaded region in the Figure 3.3c inset.
εbreak

Z
Udissip (εbreak ) = V

Z

0

σdε +
0
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εbreak


σdε

(3.5)

Figure 3.3: a) Visualization at progressively increasing engineering strain ε of a simulated fracture event in end-linked polymer network
formed at φo = 0.5 and N = 10. Monomer units are colored by the values of per monomer stress as shown by colorbar. b) Engineering
stress vs engineering strain response for an example loading (solid line) and unloading (dashed line) process (φo = 1.0, N = 10).
Inset shows the shaded area (purple) representing the difference in energy dissipated between the loading and unloading process for
a given breaking strain. c) Total system energy dissipated normalized by the effective chain length (Udissip /Nef f ) as a function of the
total number of chains broken at different system strains during fracture for networks formed at φo = 1.0 and N = {5, 10, 20}. The solid
line indicates the average slope of normalized energy dissipated vs number of chains broken for networks formed at N = {5, 10, 20}.

The slope of the normalized energy dissipated Udissip /Nef f vs total number of broken
chains at the corresponding breaking strains εbreak (Figure 3.3c) gives the energy released
per chain during fracture due to chain scission. Gc is determined from this simulated
energy dissipated per chain in combination with ν and Ro .
The materials properties, E and Gc , should be defined by the network structure through
Equation (3.1) and Equation (3.2) respectively. As shown in Figure 3.4, this is not the case
for both the MD simulation and experimental measurements. E measurements display a
trend where the affine deformation model consistently overestimates experimental values. Gc measurements display a trend where the classic Lake-Thomas Theory values
underestimate those observed experimentally. This trend is consistent with previous observations and is often attributed to an underestimation of the size scale of dissipation
which many adjust with an empirical fitting approach. [117]
To address the mismatch in predicting E, the affine deformation model is often modified in order to soften the constraints of affine deformation such that junctions can fluctuate about average positions that deform affinely. These constraints are typically conceptualized as “phantom” chains constraining the real chains. [44,65] Zhong et al. recently
proposed a molecular model, called real elastic network theory (RENT) that is capable
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Figure 3.4: Plot of Gc measured via a) MD simulations and b) a series of PEG gels against estimates of Gc,LT calculated from classic
Lake-Thomas Theory. MD simulation values are given in reduced Lennard-Jones units. The black line represents the equivalent point.
The theory consistently underestimates the experimentally observed values.

of predicting E in networks with loop defects. [142] RENT was developed by modifying the
phantom network model to further weaken the constraints on the polymer chain in a manner consistent with loop defects. RENT assumes both that Gaussian chain statistics are
valid and that the network junctions deform affinely with the macroscopic deformation of
the sample. [115]
1

E = 3νkb T

φo3 Ro
1

φ3 R
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!2

Fef f − 2
Fef f

!
(3.6)

Equation (3.6) varies from the form presented by Zhong et al. in that the loop correction
creates an effective network junction functionality Fef f . [142] As discussed when deriving
Equation (3.3), Fef f is calculated in a manner that is consistent with the protocol outlined
by Zhong et al. [142] When Fef f is equal to the chemical network junction functionality,
F = 4 in PEG gels, Equation (3.6) collapses to the phantom network model which further
collapses to the affine network model as F → ∞. This reformulation highlights that RENT
can be conceptualized as a correction for the number of elastically effective connections at
network junctions. The plots of simulation and experimental measurements of E against
values from RENT theory EREN T in Figure 3.5 show good agreement with the model once
the influence of loops is included.
Building on RENT’s method of accounting for loop defects when connecting E to network structure, a new loop-modified form of Lake-Thomas Theory is presented that increases the size scale of dissipation based on the underlying physics of polymer networks.
Gc,REN T = νef f Ref f Nef f U = νRo N U

Fef f
Fef f − 2

! 12
(3.7)

This theory proposes that the fracture plane should be defined by the effective size of
the phantom chain (accounting for loop defects) instead of being limited to the physical
size of a single chain as in classic Lake-Thomas Theory. Note that the loop correction
decreases the estimate for E but increases the estimate for Gc . Both E and Gc suffer
from a reduction in chain density; however, the increase in the size scale of dissipation
offsets this reduction for Gc . As noted for elasticity theory, Equation (3.7) collapses to a
phantom network form of Lake-Thomas Theory when Fef f → F , which would occur at
high values of νRo 3 . The model would further collapse to classic Lake-Thomas Theory as
F → ∞. Plots of Gc against model predictions are shown in Figure 3.5. The loop-modified
Lake-Thomas Theory displays good agreement with the measured fracture energies. The
agreement between measurements and theory shows that Lake-Thomas Theory can be
modified to account for loop defects in network structure.
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Figure 3.5: Plots of E and Gc against EREN T and Gc,REN T measured during simulations (a-b) and with experiments (c-d). Simulation data is reported in reduced Lennard-Jones units. Good agreement is observed between the measurements and the theory.

While the model fits well for the PEG system where molecular parameters are known,
it remains unclear how precisely these parameters must be known to accurately model
fracture. A sensitivity analysis, presented in Section 3.3, shows that the loop-modified
form of Lake-Thomas Theory is most sensitive to errors in U where a 25% error in estimation leads to a 25% difference in model values. In this work U is calculated from the
bond dissociation energies on the polymer backbone which is a practice that has recently
been called into question. [137] MD simulations were used in order to test this method for
estimating U . The bond energy released due to chain scission Usim is extracted from the
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energy dissipated by the effective chain as proposed in loop-modified Lake-Thomas Theory (Figure 3.3c). The average Usim value measured from all network systems at different
φo and N is 89.4, which is of the same order as the prescribed U = 72.4 from the bond
energy potential used in the simulations. This result suggests that estimating U as being
the same order of magnitude as the bond dissociation energy is reasonable.
Importantly, no fitting parameters were used to produce the theoretical estimates of E
and Gc in this paper. The strong agreement between theory and measurements presented
above demonstrates that the fracture energy of polymer networks can be estimated from
first principles by accounting for chain level and network level molecular structure. Accounting for both chain level and network level molecular structure enables researchers
to confidently estimate threshold fracture energies which can be used during the materials
development process.
In summary, advances in polymer chemistry over the last decade were exploited to
synthesize networks with well-defined loop densities. Experimental measurements and
MD simulations of fracture on model networks were found to agree well with a novel loopmodified Lake-Thomas Theory. Simulations were used to validate that U is approximately
equal to the bond dissociation energy. These findings enable a priori estimates of fracture
energy in swollen gels where chain scission becomes an important failure mechanism.

3.3

Supplementary Information: Fracture of Model End-Linked Networks

The end-to-end distance Ro of an unconstrained polymer chain can be estimated
as, [36]

s
Ro = b

VP EG
N
Vref

(3.8)

while b is Kuhn length, VP EG is PEG monomer volume, Vref is reference monomer volume,
and N is degree of polymerization.
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3.3.1
3.3.1.1

Materials
Chemical Reagents

Poly(ethylene glycol) (PEG), 5-exo-norbornene 2-carboxylic acid, triphenyl phosphine
(PPh3 ), diisopropyl azodicarboxylate (DIAD), pentaerythritol tetrakis(3-mercaptopropionate),
2-hydroxy-4’-(1-hydroxyethoxy)-2-methyl-propiophenone (photoinitiator), dichloromethane,
dimethyl formamide, diethyl ether were purchased from Alfa Aesar, Sigma Aldrich, Acros
Organics, and Fisher and used without further purification unless stated otherwise.

3.3.1.2

Functionalization of the Macromonomers

The networks were synthesized based on a procedure available in the literature and
shown in Figure 3.6. [27] Hydroxyl terminated PEG was functionalized with norbornene end
groups via a Mitsunobu reaction. PEG with molecular weight of 4,000, 8,000 or 12,000
g/mol were used in this study. As an example, 4 g of 12,000 g/mol PEG (1 eq) was dried
in vacuum oven at 60◦ C overnight. 200 ml of DCM distilled over CaH2 prior to use and
added into the flask under N2 with stirring. The flask was charged with 0.46 g of 5-exonorbornene 2-carboxylic acid (10 eq), 0.87 g of triphenyl phosphine (10 eq). After the
reactants were completely dissolved, the flask was put in an ice-water bath and allowed
to cool down. A diluted solution of DIAD was added dropwise into the reaction solution.
After 24h, the solution was concentrated and precipitated in 10 times excess cold
diethyl ether. The product collected as white powder after three precipitation steps via
vacuum filtration.

1

H NMR spectra (Figures 3.7-9) and GPC traces (Figure 3.10) are

shown below.

Figure 3.6: PEG macromonomer synthesis via a Mitsunobu reaction.
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Figure 3.7: 1 H NMR of norbornene-functionalized 4,000 g/mol PEG.

Table 3.1: DMF GPC results with respect to PEG calibration.

PEG
Macromonomer
Mn (g/mol)
Sample
(g/mol)
4,000
3615
8,000
9626
12,000
9383
3.3.1.3

Mw (g/mol)

D

3811
8269
12713

1.04
1.08
1.35

Network Synthesis

Networks with initial polymer concentrations of 100 mg/ml, 77 mg/ml, 62 mg/ml and
50 mg/ml (0.083, 0.065, 0.053, 0.043 initial volume fractions respectively) were synthesized for three different molecular weights. Briefly, 250 mg of 12,000 g/mol norbornene
functionalized PEG (2 eq), 5 mg pentaerythritol tetrakis(3-mercaptopropionate) (1 eq) and
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Figure 3.8: 1 H NMR of norbornene-functionalized 8,000 g/mol PEG.

Figure 3.9: 1 H NMR of norbornene-functionalized 12,000 g/mol PEG.
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Figure 3.10: DMF GPC traces of norbornene-functionalized PEG macromonomers

0.925 mg photoinitiator (0.2 eq) was dissolved in 2.5 ml DMF. The solution was transferred
into a rectangular Teflon mold in between two glass slides as shown in Figure 3.11 and
irradiated with 365 nm light from a Blak-Ray 100 W B-110 AP/R lamp for 1 h. Networks
were characterized as reacted without further swelling.

3.3.2
3.3.2.1

Methods
Swelling Studies and Indentation

Cylindrical, flat probe indentation was used to measure the elastic modulus of samples which were solvent exchanged to water and then swollen for an additional three days.
Force and displacement were monitored using a TA.XT Plus Texture Analyzer from Texture Technologies with a 50 N load cell. Each sample was tested at a displacement rate of
0.1 mm/s using a 2 mm diameter flat, cylindrical steel probe attached directly to the load
cell and a turnaround force of 10-15 mN depending on the stiffness of the sample. E was
calculated using Equation (3.9) which contains a confinement correction term to Hertzian
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Figure 3.11: a) Side and front views of the teflon mold in between two glass slides b) Crosslinked PEG network in between two glass
slides.

contact developed by Shull et. al where a is contact radius, h is sample height, and k is
the experimentally observed sample stiffness. [126]
"
 3 #−1
3k
a
a
E=
1 + 1.33 + 1.33
8a
h
h
3.3.2.2

(3.9)

Pure Shear Notch Tests

Pure shear notch tests were used to measure the elastic and fracture properties of
samples. Force and displacement were monitored using a TA.XT Plus Texture Analyzer
from Texture Technologies with a 50 N load cell. Video of the process was gathered with a
Canon Vixia HFR400 camcorder. Samples with widths varying over a range of 44-58 mm
with a thickness of 1.6 mm were fabricated. Widths varied due to the need to remove a
section of the sample where a bubble formed in the mold as shown in Figure 3.11. Sample
heights varied with the clamping process but were approximately 12 mm. Samples were
stretched at a constant velocity of 0.1 mm/s giving an average strain rate of approximately
0.01 s−1 for all samples. Samples of the N = 91, φo = 0.043 gels were also tested at
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velocities of 1.0 mm/s and 10 mm/s. As shown in Figure 3.12, a slight increase in Gc
was observed at 10 mm/s; however no difference was observed between 0.1 and 1 mm/s.
Summary data from the pure shear notch tests are contained in Table 3.2.
Notch tests were performed following the protocol established by Rivlin and Thomas. [113]
Unnotched samples were first clamped into the fixtures and then stretched through a full
loading and unloading cycle to determine the strain energy density function W. All samples were found to be Neo-Hookean upon stretching. A notch of approximately 15 mm

15.0
N=91, φo=0.043

Gc (N/m)

12.5
10.0
7.5
5.0
2.5
0.0
0.01

0.1

1

10

100

Loading Speed (mm/s)
Figure 3.12: Plot showing Gc measured at different loading speeds. Samples used in this study were tested at 0.1 mm/s which agrees
well with the value measured at 1 mm/s. A slight increase was observed at 10 mm/s.
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was then made with a razor blade. The sample was then pulled and the critical stretch
ratio λc at which the crack began extending was noted.

Table 3.2: Data gathered from notch tests in Section 3.

Loading
Mc

Width

C

N

Height Thickness

(mm)

(kg/mol) (g/L)

E
Speed

φo
(mm)

(mm)

Gc
λc
(N/m)

(kPa)
(mm/s)

91

4

50

0.043

48.1

13.83

1.6

0.1

13.9

1.28

7.97

91

4

50

0.043

56.3

9.33

1.6

0.1

14.1

1.36

8.39

91

4

50

0.043

29.74

6.18

1.6

0.1

10.8

1.51

8.00

91

4

50

0.043

57.3

13.72

1.6

1

10.8

1.51

8.61

91

4

50

0.043

46.5

12.13

1.6

1

10.8

1.51

7.49

91

4

50

0.043

57.35

15.55

1.6

10

10.8

1.51

9.90

91

4

50

0.043

47.74

13.657

1.6

10

10.8

1.51 10.17

91

4

50

0.043

56.00

8.67

1.6

10

10.8

1.51 11.80

91

4

62

0.053

46.7

13.11

1.6

0.1

27.4

1.29 15.86

91

4

62

0.053

56.1

14.77

1.6

0.1

21.9

1.26 11.72

91

4

62

0.053

50.1

11.83

1.6

0.1

25.4

1.28 12.46

91

4

77

0.065

46.9

9.04

1.6

0.1

40.8

1.35 22.82

91

4

77

0.065

47.5

10.47

1.6

0.1

43.4

1.29 20.07

91

4

77

0.065

47.2

11.55

1.6

0.1

42.2

1.29 21.54

91

4

100

0.083

51.82

11.78

1.6

0.1

51.6

1.28 25.20

91

4

100

0.083

57.1

8.975

1.6

0.1

53.2

1.35 29.54

91

4

100

0.083

49.11

12.70

1.6

0.1

51.8

1.24 20.60

182

8

50

0.043

54.12

12.02

1.6

0.1

9.1

1.51 13.10

182

8

50

0.043

57.69

12.01

1.6

0.1

8.9

1.52 13.24

182

8

50

0.043

57.60

13.03

1.6

0.1

12

1.52 18.72
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182

8

62

0.053

52.47

13.62

1.6

0.1

14.8

1.44 18.67

182

8

62

0.053

45.44

11.00

1.6

0.1

14.9

1.53 20.97

182

8

77

0.065

52.13

12.79

1.6

0.1

21.9

1.48 30.19

182

8

77

0.065

57.60

12.62

1.6

0.1

22.3

1.47 29.25

182

8

77

0.065

57.34

10.23

1.6

0.1

21.0

1.62 35.51

182

8

100

0.083

50.88

12.06

1.6

0.1

31.5

1.49 42.45

182

8

100

0.083

58.41

14.42

1.6

0.1

30.1

1.45 41.81

182

8

100

0.083

49.43

11.56

1.6

0.1

32.1

1.51 44.46

273

12

50

0.043

49.79

13.53

1.6

0.1

4.2

1.85 16.23

273

12

50

0.043

58.17

12.37

1.6

0.1

3.6

1.74 10.08

273

12

50

0.043

52.04

14.03

1.6

0.1

3.6

1.74 11.43

273

12

50

0.043

57.01

11.71

1.6

0.1

4.1

2.18 23.71

273

12

62

0.053

58.12

15.67

1.6

0.1

4.7

1.83 20.22

273

12

62

0.053

43.74

14.41

1.6

0.1

6.2

1.76 21.16

273

12

62

0.053

48.32

10.85

1.6

0.1

5.5

2.00 22.37

273

12

77

0.065

51.91

12.25

1.6

0.1

12.1

1.88 44.89

273

12

77

0.065

58.47

10.57

1.6

0.1

9.4

2.1

273

12

77

0.065

56.42

10.81

1.6

0.1

9.2

1.93 33.04

273

12

100

0.083

45.97

13.22

1.6

0.1

19.3

1.75 59.08

273

12

100

0.083

51.17

12.72

1.6

0.1

16.0

1.71 42.95

273

12

100

0.083

53.35

12.24

1.6

0.1

16.2

1.99 73.09

273

12

100

0.083

55.6

14.28

1.6

0.1

13.6

1.51 24.06

273

12

100

0.083

56.2

13.15

1.6

0.1

13.8

1.82 41.92

62

43.64

3.3.2.3

Molecular Dynamics Simulations

Coarse grained molecular dynamics simulation, as implemented in the LAMMPS package, were used to generate the end-linked polymer networks. All systems were constructed using a bead-spring model with periodic boundaries. The van der Waals interactions are governed by the 12-6 Lennard-Jones (LJ) cut-and-shifted potential,

nb
Uih
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σ
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− 4εij
−
= 4εij
r
r
rcut
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(3.10)

where rcut = 2.5σ.
The bonded LJ sites in the polymer network interact through the harmonic potential

Uijb =


k
r − σ2
2

(3.11)

for k = 2000 σε2 .
All species in the system are set to the same interaction parameter, εii = 1.0, as
in the case of a theta solvent and the zero-crossing distance for the potential is set as
σ = 1.0. The integration time step for the Velocity-Verlet algorithm is 0.002τ and the
system temperature is maintained at T = 0.7 with the pressure controlled by the NoséHoover barostat.
End-linked network structures were constructed from a simulated crosslinking reaction
starting from the equilibrated precursor mixture of bifunctional, linear polymer strands and
tetrafunctional crosslink particles in a molar ratio of 2:1. Network structures were prepared
at varying combinations of chain length N = {5, 10, 20, 50} and polymer volume fraction
φo = {1.0, 0.5, 0.4, 0.3}. During the crosslinking reaction, formation of new bonds was only
allowed between a crosslink particle and the chain end-group. A new harmonic bond
is formed if the distance between the two eligible particles is within a set cutoff. This
crosslinking procedure allows permanent topological defects, such as primary loops, to
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become integrated into the network architecture. The exact number of primary loops
attached to the network junctions was counted after crosslinking was finished.
Uniaxial tensile deformations were performed to characterize the elastic properties
of the network samples. The simulation box was expanded along the deformation axis
(α) at a constant true strain rate (ε̇true ) while maintaining a constant system pressure
along the other two dimensions. The deformation axis dimension deforms according to
Lα (t) = Lα (t = 0)eε̇true ∆t . The strain rate used was chosen to allow chain relaxation during
the tensile deformation and the simulation box was pulled to a final deformation ratio of
λ = 4. From the fitted Gent [47] model as given by

σeng =

E(λ − λ−2 )


3 1 − JJm1

(3.12)

where J1 = λ2 + 2λ−1 − 3 and Jm is a fitted parameter, the modulus for each network
sample was extracted.
In order to allow chain scission when performing fracture studies, the harmonic bond
interaction was replaced by the quartic potential, as employed by Ge et al. [46]

UQb (r)

 12  6 
σ
σ
−
= K(r − Rc ) (r − Rc − B) + Uo + 4ε
r
r
3

(3.13)

To induce fracture in the network, the simulation box was expanded uniaxially along α
until all bonds lying along on a plane have been broken. During deformation and from
the onset of chain scission, the system stress along α was tracked as a function of the
applied strain. The output true stress in the MD simulations were converted to engineering
stress.

3.3.3

Model Sensitivity Analysis

The sensitivity of the loop-modified Lake-Thomas Theory values to molecular parameters is shown in Figure 3.13. Error bars for the x-axis of each plot are calculated by
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imposing either a 10% or 25% shift in ν, Ro , or U . Error bars in the y-axis remain as those
from the experimental error. The sensitivity of Gc,REN T to ν and Ro , both of which are used
to calculate the correction factor in Equation (3.7), is slightly reduced compared to classic Lake-Thomas Theory. The sensitivity of Gc,REN T to U remains unchanged compared
to classic Lake-Thomas Theory. This analysis shows that minor errors in the molecular
parameters used to calculate theoretical values do not catastrophically shift the model
values.
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Figure 3.13: Plot of Gc against Gc,REN T measured during experiments on PEG gels with error bars added to the x-axis indicating
the sensitivity to a 10% or 25% error in estimating (a,d) ν, (b,e)) Ro , and (c,f) U .
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CHAPTER 4
LINKING CAVITATION AND FRACTURE TO MOLECULAR SCALE
STRUCTURAL DAMAGE OF MODEL NETWORKS

4.1

Overview

Rapid expansion of soft solids subjected to a negative hydrostatic stress can occur
through either elastic cavitation or inelastic fracture. Balancing how these two mechanisms relate is important to applications in materials characterization, adhesive design,
and tissue damage. Significant research effort has focused on understanding how these
two mechanisms relate; however, connecting cavitation and fracture to damage on the
molecular scale has remained elusive. Drawing such connections requires 1) knowledge
of the initial cavity geometry and 2) a model material system where both the elastic and
fracture properties are quantitatively linked to network structure. In this work, recent improvements in needle-induced cavitation and independent characterization of elasticity
and fracture in a set of model end-linked PEG gels are exploited to experimentally probe
the relationship between cavitation and fracture and molecular scale damage. These results indicate that four cases of cavity expansion mechanism exist, including a case where
molecular level structural damage occurs when a macroscopically smooth expansion morphology is observed. These measurements link cavitation and fracture to molecular scale
structural damage of soft solids for the first time.

4.2

Introduction

Needle-induced cavitation (NIC) is a cavitation rheology technique that enables local
measurement of the elastic and fracture properties of soft gels and biological tissues. [6]
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NIC is performed by inserting a needle connected to a syringe into the sample beyond
the puncture point and pressurizing the fluid within the syringe. Upon reaching a critical
pressure, rapid expansion of a void at the needle tip is observed. [7][Chapter 2] This expansion
can occur through an elastic cavitation process or an inelastic fracture process, and the
critical pressure at which this expansion occurs relates to the material properties of the
sample. [76] Distinguishing these two expansion mechanisms is critical when exploiting
cavitation to characterize the elastic and fracture properties of a material. [64,76,105]
Understanding how cavitation and fracture relate requires a precise definition of cavitation in soft solids. [64] In this work, cavitation is defined as an instability-like expansion
process using the relationship between pressure P and stretch ratio λ for an isolated
spherical void in an incompressible solid. A sketch of this relationship including surface
tension and strain stiffening effects is shown in Figure 4.1a. [48,54,64] The critical pressure
at which the void cavitates PCav is connected to both the materials properties and void
geometry,
PCav =

2γ 5
+ E
R
6

(4.1)

where γ is surface tension, R is initial cavity radius, and E is elastic modulus. Note
that the coefficients in this formulation have been found to be relatively insensitive to the
initial void geometry. [7,63,104][Chapter 2] Equation (4.1) provides a definition for cavitation in
soft solids where a material only cavitates when P ≥ PCav . NIC with needle retraction
creates an initial planar crack geometry, where the critical pressure PF rac can be modeled
by Equation (4.2). [55]
r
PF rac =

EGc
πR

(4.2)

PCav can be combined with the critical fracture pressure PF rac to predict whether a
void will initally fracture or cavitate. [76] The final void morphology can be predicted by
understanding the loading conditions in the system and using the critical stretch ratio λF rac
instead of critical pressure to predict when fracture occurs. [64] Adopting this perspective
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Figure 4.1: a) Sketch showing pressure against stretch ratio for a spherical void embedded and an infinite, incompressible solid that
strain stiffens at high stretch. b) Schematic showing how the goal of this work is to connect the macroscopically observed expansion
process to the molecular scale network structure.

predicts three different cases, sketched in Figure 4.1a, for how cavitation and fracture
mechanisms relate to one another:
i. The fracture criterion is met below the cavitation criterion and simple crack propagation is observed.
ii. The fracture criterion is met above the cavitation criterion and cavitation initiates
expansion before transitioning to simple crack propagation.
iii. The fracture criterion is well above the cavitation criterion and the cavity expands
elastically and stabilizes before damage is observed.
This physical picture of the relationship between cavitation and fracture was developed at
the continuum level [64] and has not yet been used to link cavitation and fracture to molecular level network structure. Strategies that connect cavitation and fracture to molecular
scale damage are necessary to understand the irreversible damage that materials undergo during cavitation processes. Note that pressure-controlled conditions, which were
used throughout the experiments presented in this work, were assumed for the three
cases presented above. If volume-controlled conditions were assumed, case ii would only
be observed if the user continued to inject fluid into the system. [105] It was also assumed
that linear elastic fracture mechanics (LEFM) are valid. [64]
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Experiments attempting to connect cavitation and fracture to molecular scale structural damage require 1) knowledge of the initial cavity geometry and 2) a material system
where both the elastic and fracture properties are quantitatively linked to network structure. The precise shape and nature of the initial cavity during many cavitation processes
is still a matter of some debate in the literature. [25,33,53,74,84,138] However, the initial crack in
NIC with retraction results from the needle insertion process which creates an initial planar crack geometry. [7][Chapter 2] Knowledge of the initial NIC geometry enables modeling of
both the threshold cavitation pressure and the fracture propagation pressure making it a
suitable technique for probing the transition between cavitation and fracture in soft solids.
NIC has been used to probe cavitation and fracture before; [64,76,105] however, never
with materials where a quantitative connection between fracture energy and molecular
scale structure is known. Another limitation to the NIC data available in literature is that
experiments only independently characterized E meaning that systematic tuning of the
critical strain energy release rate Gc relative to E was not possible. [64,76,105] Recently, the
elastic and fracture properties of model end-linked tetra-functional poly(ethylene glycol)
(PEG) gels were characterized. [28,116][Chapter 3] Materials properties of these well-defined
networks were found to quantitatively agree well with molecular models of elasticity and
fracture demonstrating that chain scission was the only significant source of energy dissipation observed during fracture.[Chapter 3] This understanding of the observed energy dissipation mechanism enables the connection between macroscopically observed deformation and molecular scale network structure. Independent characterization of both E and
Gc in these model telechelic PEG gels also enables the rational design of experiments that
tune the elasto-fracture length Gc /E. The goal of this work, as sketched in Figure 4.1b, is
to exploit these model end-linked gels with well-defined network structure to connect the
macroscopic expansion mechanism to molecular scale structure.
This work experimentally links cavitation and fracture to molecular scale structural
damage for the first time by performing NIC on model PEG gels. Experimental details on
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the methods and materials used in this study, including a discussion of strategies for tuning the elasto-fracture length, are first presented. NIC measurements on the model PEG
gels are then presented. Morphology of the cavities during and after expansion as well as
quantitative comparison between cavitation and fracture pressure predictions are used to
connect the observed expansion mechanism to molecular scale structural damage. This
connection is then used to propose an additional case for how cavitation and fracture
mechanisms relate to one another. These findings have broad implications for applications in materials characterization, [64,76,105] design of pressure sensitive adhesives, [24,26,79]
and damage of biological tissues. [6,77]

4.3
4.3.1

Experimental
Methods

Full details on the experimental equipment and methods used in needle-induced cavitation have been recently published. [7][Chapter 2] NIC was performed using a needle displacement rate of 1 mm/s, maximum displacement of 15 mm, retraction distance of 7.5
mm, and volumetric compression rate of 500 microliter/min. Approximately 2 mL of compressible volume was contained in the system. Needle size was varied such that the
outer radius R = {156, 232, 737} µm. A summary of all data points gathered is available in
Section 4.7.

4.3.2

Materials

Tetrafunctional poly(ethylene glycol) (PEG) gels were formed in dimethylformamide
(DMF) through reaction of linear telechelic PEG macromonomers with a tetra-functional
crosslinking agent. Samples were tested as made without further swelling or solvent
exchange. Full details on the experimental materials used in this study have been recently covered.[Chapter 3] Gels were synthesized using 4 kg/mol (degree of polymerization
N = 91) and 12 kg/mol (N = 273) linear PEG chains at a concentration of 50 mg/mL and
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77 mg/mL in DMF respectively. The end-linking strategy used to create these networks
is more controlled than other strategies such as free radical polymerization or typical
rubber vulcanization processes. [41,85,89] The structure of these gels are well characterized and have been demonstrated to be mainly susceptible to loop defects in the network. [71,116,118,136,142][Chapter 3] Since the network structure of these end-linked gels is so
well-defined, N can be calculated from the input length of the PEG chains [142][Chapter 3] and
not inferred from measurements of E as is typically done for networks that have ill-defined
structure. [41,99,140]

4.4

Tuning the Elasto-Fracture Length

Both the initial polymer volume fraction φo and N are altered in this study; however,
Gc /E should only have a weak dependence on φo . This prediction is derived through an
understanding of the how Gc and E are coupled through molecular parameters. Modeling
Gc with Lake-Thomas Theory [78] and E with the Gaussian, affine deformation model [41,99]
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gives a prediction for scaling Gc /E assuming that φ = φo .
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Figure 4.2: Plots of the elasto-fracture length against a) N and b) φo showing strong agreement with the scaling predictions of
Equation (4.3). Data is taken from notch test measurements on PEG gels in the previous chapter.[Chapter 3] Agreement between the
data and theoretical scalings shows that altering N is most effective when tuning Gc /E.
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1
3
Gc
∼ N 2 φo − 8
E

(4.3)

Equation (4.3) predicts that the elasto-fracture length has a much stronger dependence on N than on φo . Figure 4.2 displays the elasto-fracture length against N and
φo for a series of PEG gels, identical to those used in this study, taken from data in
the previous chapter.[Chapter 3] Agreement of the scaling exponents with those predicted
by Equation (4.3) demonstrates that altering N is a more effective method of tuning the
elasto-fracture length. These results highlight the importance of understanding the coupled nature of Gc and E when designing experiments around tuning the elasto-fracture
length.

4.5

Needle-Induced Cavitation of Model Gels

The expansion mechanism observed during NIC is connected to a balance between
the cavitation and fracture pressures. Setting PCav = PF rac indicates that the crossover
point between cavitation and fracture is determined by the geometry of the void relative
to both the elasto-fracture length Gc /E and the elastocapillary length γ/E.

2
2γ
5
Gc
=π
+
ER
ER 6

(4.4)

Assuming that γ ≈ 40 mN/m and E ≈ 10 kPa gives an elastocapillary length on the
order of 10−6 m. Taking the ratio of γ/E relative to the smallest needle size R ≈ 10−4 m,
gives a value of approximately 0.01 which is negligible compared to the 5/6 value in Equation (4.4). Since the contribution from interfacial tension is negligible, the crossover point
between PCav and PF rac is predicted at a value of RE/Gc = 0.46. Images of the cavity at
the needle tip starting at the onset of expansion and increasing with time as a function of R
normalized by the elasto-fracture length are shown in Figure 4.3. Supplementary Videos
SV4 1-4 show the full runs for RE/Gc = {0.84, 0.37, 0.27, 0.02}, respectively. RE/Gc is
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Figure 4.3: Images of the cavity starting at the critical pressure and increasing with time as a function of RE/Gc in a series of
end-linked PEG gels. Sketches of the process from a continuum perspective and molecular perspective are also shown. The red
lines in the continuum level sketches represent the potential crack path that would open up if crack propagation were to occur. When
RE/Gc = 0.02 two potential expansion mechanisms are observed. Scale bars are 2.5 mm in length.

adjusted from 0.84 to 0.27 by altering the size of the needle employed. RE/Gc is shifted
from 0.27 to 0.02 by tuning the elasto-fracture length.
The morphologies observed in these images support the three cases outlined above.
When RE/Gc = 0.84, the cavity at the start and finish of expansion is rough and lacks
axisymmetry indicating a fracture process as highlighted in case i. This leads to the
rupture of network chains at the crack tip. When RE/Gc = 0.37 and RE/Gc = 0.27, the
cavity at the start of expansion is smooth and then transitions to being rough indicating
a cavitation-initiated expansion that transitions to a fracture process as predicted by case
ii. This leads to the rupture of network chains at the crack tip. When RE/Gc = 0.02, the
cavity at the start and finish of expansion is smooth which suggests an elastic cavitation
process as in case iii. These results suggest that visualization of the cavity at the start
and finish of the expansion can be used to determine which mechanism is observed.
While the expansion when RE/Gc = 0.02 appears to be a purely elastic cavitation
process as outlined in case iii, there may be some damage that occurs during this process.
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This potential damage is sketched in Figure 4.3 as being localized around the crack tip
as one might expect during blunted crack propagation; [62] however, recent experimental
work suggests that the damage may be more distributed in this case. [74] The images in
Figure 4.3 can be used to distinguish whether or not damage occurs by calculating the
volumetric stretch at the cavity surface after expansion.
Taking the square root of the areal stretch between the surfaces at the start and finish
of expansion can be used to estimate λV ,

λV =

V
Vo

 13

r
=

4πr2
= 12.7
2πRl

(4.5)

where r is the radius of the cavity in the fully expanded state, and l is the axial length of the
void below the indenter modeled here as a cylinder. These calculations give λV = 12.7 at
the surface of the material. The maximum deformation of a network chain can be used to
estimate whether or not the material could accommodate that much deformation without
damaging the network structure. λV can then be estimated using the unconstrained endto-end distance of a network chain and its contour length,

λV =

V
Vo

 13

EG
b VVPRef
N
= 11.4
= q
N
b VPVEG
Ref

(4.6)

where b is Kuhn length, VP EG = 0.069 nm3 is PEG monomer volume, and VRef = 0.1 nm3
is monomer reference volume. [36] These calculations show a maximum volumetric stretch
that can be accommodated of λV = 11.4. Since this is less than the volumetric stretch
that the material would need to accommodate to undergo the deformation observed in
Figure 4.3, some damage must occur during the expansion process when RE/Gc = 0.02.
This suggests that a case iv should be added to the three presented above. In case
iv, expansion is initiated by an elastic cavitation process and some inelastic damage is
observed during expansion; however, the cavity remains smooth and spherical since the
final pressure is greater than PCav .
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While the cavity morphology can be used to distinguish between the expansion cases,
these cases are also supported by quantitative predictions of the cavitation and fracture pressures. Experimentally observed critical pressure Pc normalized by PCav plotted
against RE/Gc is shown in Figure 4.4a. The solid black line represents PF rac /PCav with
negligible interfacial tension and the arrows show the crossover point where RE/Gc =
0.46. At low values of RE/Gc , Pc /PCav << PF rac /PCav indicating that the threshold cavitation pressure is realized well below the criterion for fracture in support of the case iv
cavitation mechanism proposed above. The divergence of PF rac /PCav as RE/Gc → 0
shows that the case iv cavitation mechanism is made possible by a breakdown of LEFM
which were assumed to be valid when developing cases i-iii. [64] At intermediate values of
RE/Gc , Pc /PCav < PF rac /PCav indicating that the cavitation pressure is close to but less
than the fracture pressure. This indicates that initiation of expansion will occur through
a cavitation mechanism; however, the fracture criterion will be satisfied during expansion
resulting in a case ii cavitation-initiated fracture mechanism. At large values of RE/Gc ,
Pc /PCav > PF rac /PCav indicating that the fracture pressure will be realized before the cavitation pressure leading to a case i fracture expansion mechanism. Also note that the
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Figure 4.4: a) Plot of the experimentally observed critical expansion pressure Pc in a series of PEG gels normalized by PCav against
RE/Gc . The black line represents the point at which fracture is predicted to occur. b) Plot showing the comparison between Gc
measured with notch tests in the previous chapter[Chapter 3] and measured here with NIC when RE/Gc ≈ 0.84.
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measurements at RE/Gc ≈ 0.84 provide the first experimental verification that Gc measured with NIC agrees with an independent estimate[Chapter 3] from notch tests as shown in
Figure 4.4b.
The results presented above indicate that the previously developed theory [64] was able
to predict the expansion mechanism in all cases except for when RE/Gc = 0.02. Expansion under these conditions was predicted to be a purely elastic case iii cavitation
mechanism; however a case iv cavitation mechanism resulting in damage was observed.
This incorrect prediction is most likely due to the assumption that crack propagation in
these cases can be modeled using LEFM; however, cavitation of the void coincides with
the onset of extreme blunting at the crack tip. [64] Kang et al. have provided some modeling of blunted systems and found that distinguishing between purely elastic cavitation
and inelastic cavitation where damage occurs at the blunted crack tip is not trivial. [69] This
shows that cavitation processes that may appear to be elastic at a macroscopic level can
still damage the underlying material structure.

4.6

Conclusions

Recent improvements in needle-induced cavitation and the quantitative link between
network structure and the elastic and fracture properties in a set of model end-linked PEG
gels were exploited to experimentally connect cavitation and fracture to molecular scale
damage. These results indicated that damage may still occur when a macroscopically
smooth cavitation event is observed. It was also experimentally confirmed that measurements of fracture energy from NIC measurements agreed with those from notch tests.
These measurements are the first to link cavitation and fracture to molecular scale structural damage of soft solids.
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4.7

Supplementary Information: Linking Cavitation and Fracture to
Molecular Scale Structural Damage of Model Networks

Table 4.1 contains a summary of the data gathered for Section 4.
Table 4.1: Summary of data gathered in Section 4.

E
9.8
9.4
9.2
9.7
13.1
10.1
14.0
9.5
14.4
4.6
5.8
5.5
6.6

4.7.1

RE
Gc

Gc (N/m)
8.12
8.12
8.12
8.12
8.12
8.12
8.12
8.12
8.12
40.5
40.5
40.5
40.5

0.89
0.85
0.84
0.28
0.37
0.29
0.27
0.18
0.28
0.017
0.022
0.021
0.025

Pc (kPa)
4.18
6.52
6.31
9.04
10.57
4.90
12.5
17.02
11.35
7.53
7.32
8.58
9.61

Supplementary Videos

The supplementary videos associated with this chapter are listed below.
• Supplementary Video SV4 1: Video of NIC on a PEG gel when RE/Gc = 0.84.
• Supplementary Video SV4 2: Video of NIC on a PEG gel when RE/Gc = 0.37.
• Supplementary Video SV4 3: Video of NIC on a PEG gel when RE/Gc = 0.27.
• Supplementary Video SV4 4: Video of NIC on a PEG gel when RE/Gc = 0.02.
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CHAPTER 5
SUMMARY AND OUTLOOK

This dissertation exploits a fundamental understanding of molecular level structure
in soft solids to grant direct insight into puncture, cavitation, and fracture processes. The
results summarized below combine to provide a detailed blueprint showing how the principles of materials science can be dovetailed with experimental mechanics to solve complex
problems requiring contributions from both disciplines. These results are then put into a
larger context by highlighting the further questions and avenues of exploration that are
opened up by this work.
The first chapter focused on deep indentation and puncture of soft solids by a rigid indenter. Deep indentation and puncture can be used to characterize the large strain elastic
and fracture properties; however, it is less explored than most traditional mechanical characterization techniques. An important open question that this chapter addressed is how
the distribution of strains and stresses in the surrounding material relate to the resultant
force exerted on the indenter. To address this question, digital image correlation (DIC)
was applied to the puncture of a soft elastomer with an internal plane of optical contrast.
The DIC analysis quantitatively confirmed that the deformation field mainly consists of
shear on the sides of the indenter and compression below the tip. It was further revealed
that the resultant force mainly arises from the sheared regions on the sides of the indenter in which greater deformation is only possible so long as failure does not initiate in the
compressed region below the tip.
The results summarized above represent a significant advance and open up further
avenues of exploration. This understanding of the interplay between the sheared and
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compressed regions around the indenter suggests that the ultimate puncture force can
be reduced by concentrating the stress below the indenter to initiate failure at lower penetration depths. This can be accomplished experimentally either by employing a beveled
indenter or reducing the size scale of the tip. The DIC process in this experiment is also
relatively coarse which results in an accumulation of errors in the near-tip region. This
region could be explored further by refining the pattern etched on the internal plane and
focusing the camera on a much smaller window surrounding the tip. Focusing in on the
tip region is enabled by the measurements in this chapter that showed the deformation
around the indenter decayed within a radius or two.
The second chapter focused on the effects of residual strain on needle-induced cavitation (NIC) of soft solids. NIC is a materials characterization technique that consists
of 1) the needle insertion process and 2) the cavitation process. The needle insertion
process was largely unspecified in the literature where a trend of NIC overestimating
materials properties compared to traditional mechanical characterization techniques was
observed. Building upon knowledge from the first chapter, it was hypothesized that the
compressive strain below the needle tip was increasing the critical pressures measured
during NIC and causing this observed trend of overestimation. This residual strain effect
was then reduced by implementing a new NIC protocol that defined a needle insertion
process with a retraction step which resulted in a tube-like cavity below the needle tip.
Minimizing the residual strain was found to increase the reproducibility of measurements
and led to agreement between experimental and theoretical values of critical pressure.
The results summarized above represent a significant advance and open up further
avenues of exploration. The treatment in this study characterizes the elastic properties
of samples; however, the materials employed also have dynamic properties. Adapting
procedures in order to characterize the viscoelastic and poroelastic response of materials would significantly increase the impact and usefulness on NIC. Another possible avenue of investigation comes from the observation that the tube-like cavity inflates during
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the pressurization process before a critical pressure is observed. This inflation process
shows that NIC may be useful in estimating the strength of interfaces that are internal to
a material.
The third chapter focused on connecting the fracture of model end-linked networks to
materials structure. The molecular theory of network elasticity is well-developed and can
connect the macroscopically observed materials properties to chain level molecular structure, network level structure, and the dynamic processes that occur on both size scales.
In contrast, the molecular theory of network fracture is underdeveloped has only been
connected to chain level molecular structure through the classic chain scission model
proposed Lake and Thomas. Lake-Thomas Theory works well as a scaling argument;
however, agreement between experiment and theory was only ever observed to agree
when using an empirical fitting approach. In this chapter, it was hypothesized that modifying Lake-Thomas Theory to account for network level structure, specifically the presence
of loop defects, would produce explicit agreement between experiment and theory without the use of an empirical fitting approach. Synthesis of gels with well-defined network
structure, pure shear notch tests, and molecular dynamics (MD) simulations were then
leveraged to develop a novel loop-modified Lake-Thomas Theory which displayed strong
agreement between measurement and theory.
The results summarized above represent a significant advance and open up further
avenues of exploration. The well-defined network structures used in this study can be
altered by introducing additional structure and isolating the impact that has on the fracture
properties. For example, concentration and chain length could be altered to introduce
trapped entanglements into the network. Phase separation could also be introduced,
either through hydrophobic or glassy/rubbery interactions, and used to probe the impact of
differing size scales of heterogeneity. These well-defined networks with a quantitative link
between fracture and network structure can also be used as model materials in complex
fracture processes, such as those presented in the next chapter.
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The fourth chapter focused on linking cavitation and fracture to molecular scale structural damage. Expansion of soft solids subjected to a negative hydrostatic stress can
occur through either an elastic cavitation mechanism or an inelastic fracture mechanism.
Distinguishing between these two mechanisms is important when exploiting cavitation to
characterize the elastic and fracture properties of a material. The current understanding
of the observable mechanisms during cavitation was developed at the continuum level and
does not link cavitation and fracture to molecular level structure. This chapter exploited
both the improvements in NIC protocols presented in Chapter 2 and the quantitative connection between fracture energy and molecular scale structure developed in Chapter 3 to
link cavitation and fracture to molecular scale damage. These measurements were used
to test the previous understanding of observable cavitation morphologies. It was found
that the observation of a smooth cavitation morphology after expansion does not necessarily indicate a purely elastic expansion process and some damage of the network may
occur. NIC measurements of fracture energy in this chapter were also shown, for the first
time, to agree with independent measurements from pure shear notch tests, performed in
Chapter 3.
The results summarized above represent a significant advance and open up further
avenues of exploration. This chapter highlights the advantage of exploiting materials with
well-defined structure and properties to provide experimental clarity in complex mechanics problems that depend on the elasto-fracture length. These networks could be applied
to other loading geometries to probe the onset of large strain phenomena such as crack
blunting. These well-defined networks could also be used to probe cavitation and fracture
at high strain rates which is completely unexplored in this dissertation.
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